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A series of balloon flights employing proportional counters has been carried out. In these 
flights the instrument measures the number of events liberating more than an assignable 
minimum of ionization in the instrument. The contribution due to each of several types of such 
events is evaluated, the effect of large showers is considered and instrumental errors are dis- 
cussed. It is found that alpha-particle counts due to slow-neutron-induced boron disintegrations 
may account for about one-third of the discharges observed with BF; counters. Counters in 
which other gases are used permit an estimate to be made of the flux of highly ionizing particles, 
mostly protons, which is found to be about 10~* per sq. cm per sec. These data permit the 
calculation of the rate of production of protons, which is found to be of the same order as that of 
neutrons, namely about 5 X 10~ per gram per sec. at the altitude corresponding to 2 meters of 
water equivalent below the top of the atmosphere. The energy distribution, the amount of the 
flux and the altitude dependence suggest that both protons and neutrons are produced about 
equally by a process or processes connected with the soft component of the radiation. 


INTRODUCTION protons (<30 Mev) and occasional heavier 
particles, associated with the radiation. These 
particles are characterized by a specific ionization 
greater than that of the usual fast electrons and 
mesotrons. Slow mesotrons, with high specific 
; . : ionization, have also been reported by Herzog 
have also discussed the interpretation of the é' . . a 

. oar : and Bostick, Powell and others.’ Evidence 
observations and the energy distribution of the 


ARIOUS experimenters have studied the 
neutrons associated with the cosmic radia- 
tion. A résumé of the experimental data has 
been made by Bethe, Korff and Placzek,! who 


regarding the average specific ionization of 
neutrons. ; . : 

— cosmic-ray particles at various elevations has 

Other observers,? using cloud chambers and , : a pre 
h hi = ni ; been deduced from the comparison of electro- 
also » photographic plate technique, have . + 
: ’ ar : gral : - A ate bec . nae : scope with Geiger counter measurements.‘ 

reported evidence tor the existence Of siOw Some balloon flights to high elevations have 


1H. A. Bethe, S. A. Korff and G. Placzek, Phys. Rev. 
57, 573 (1940). eee 

?C. D. Anderson and S. H. Neddermeyer, Phys. Rev. 3G. Herzog, Phys. Rev. 59, 117 (1941); G. Herzog and 
50, 263 (1936); W. Heitler, C. F. Powell and H. Heitler, W. H. Bostick, Phys. Rev. 59, 122 (1941); W. F. Powell, 
Nature 146, 65 (1940); M. Blau and H. Wambacher, Phys. Rev. 58, 474 (1940); S. H. Neddermeyer and C. D. 
Nature 140, 585 (1937); E. M. Schopper and E. Schopper, Anderson, Phys. Rev. 54, 88 (1938). 
Physik. Zeits. 40, 22 (1939); E. Schopper, Naturwiss. 25, *W. F. G. Swann and W. E. Danforth, J. Frank. Inst. 
557 (1937); T. R. Wilkins, J. App. Phys. 11, 35 (1940); 228, 43 (1939); S. A. Korff and W. E. Danforth, J. Frank. 
summary and bibliography, M. M. Shapiro, Rev. Mod. _ Inst. 228, 159 (1939). 
Phys. 13, 58 (1941). 5S. A. Korff, Phys. Rev. 59, 214 (1941). 
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been carried out® for the purpose of testing 
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TABLE I. Observed counts produced by proportional 
counters in the stratosphere, and the constants necessary for 
interpreting the counting rate in terms of ionizing events. 





PRESSURE INTERVAL 
M WATER EgQuiv. 
BELow Top oF ATMOs. 


| . 
FLIGHT NUMBER 
| 


21 24 25 26 








} Counts per minute observed 





9 0.08 
8 0.4 
7 0.8 
6 0.5 0.5 1.6 
5 0.4 1.6 2.4 
4 | 1.0 1.2 2.4 3.2 
3 1.5 1.7 4.822 
2 | 1.541 8.0 12.0+ 
1 7.1+1 >17.0 
Counter volume, cc 240 147 390 450 
Area, sq. cm 90 75 100 120 
Av. path through counter, 
cm 3 2.! 5 5 
Type of gas BF3 BF; He—CHs A 
Pressure, atmos. 0.075 0.158 0.046 0.09 
Lowest energy expended in 
ioniz. to record, Emin, kev | 80 125 30 50 
Av. neutron energy to pro- 
duce observable recoil, kev | 400 625 60 1000 
Proton energy Emax to re- 
cord, Mev ) 2 2.4 3.5 5 
Range, cm, for the above | 
7 10 18 34 


protons 





deductions regarding energy distribution of the 
neutrons made in the analysis cited.! In these 
flights, proportional counters were used. Since 
such counters are capable of measuring particles 
of an assignable specific ionization, these results 
have some bearing not only on the neutron 
problem® but also on that of the other particles. 


APPARATUS 


The apparatus used consisted of a proportional 
counter which was carried to high elevations by 
free balloons. The pulses produced by this 
counter, as well as the barometric pressure, were 
transmitted to the ground by short wave radio, 
using technique previously described.’ The 
method of calibrating such proportional counters, 
to determine, by employing alpha- and beta- 
particles, the size of the ionizing event necessary 
to produce a count, has also been previously 
discussed.® 

In two of the flights, counters filled with BF; 
were used; in one, a methane-hydrogen mixture 
(illuminating gas) and in one, argon with alcohol 
quenching. The purpose of using these different 
gases was to permit separation of the various 





*H. v. Halban, L. Kowarski and M. Magat, Comptes 
rendus 208, 572 (1939); E. Fiinfer, Zeits. f. Physik 111, 
351 (1938). 7 

7S. A. Korff, Rev. Mod. Phys. 11, 211 (1939). 

8S. A. Korff, Rev. Sci. Inst. 12, 94 (1941). 
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types of ionizing events, as will be discussed 
below. 

On flight 24, with a BF; counter, an arrange- 
ment was included for changing the high 
voltage on the counter while the flight was in 
progress. This consisted of a _microswitch, 
actuated by a rotating cam, so shaped that the 
switch was closed for half the period of revolution 
of the cam, and open for the other half. This 
cam was driven by a small electric motor of the 
type used in the radiobarograph, geared to 
rotate the cam at one revolution per six minutes. 
The voltage was thus varied in cycles, each 
value being kept constant for three minutes. 
The switch caused 45 volts to be included or 
excluded from the counter potential. Further, 
the instant the switch opened, a long signal was 
sent out, so that it would be known what 
position the switch occupied and hence the 
voltage. A short signal was sent when it closed. 


OBSERVATIONS 


The counting rates observed on the several 
flights are presented in Table I, for the vari- 
ous elevations in meters of water equivalent 
below the top of the atmosphere. The counting 
rates are averaged over each meter of water, 
so that in the row corresponding, say, to 3 meters 
will be found the average counting rate produced 
by the counter when it was in the altitude 
interval between 33 and 23 meters of water. 
The experimental uncertainties may be judged 
from the standard deviations which are shown 
for one of the flights in the right-hand column. 

The various physical properties of the coun- 
ters, dimensions, nature and pressure of gas, are 
also given in Table I. Finally, an estimate is 
made, showing the smallest pulse size measured 
by the counter as it was adjusted in the flight, 
and the minimum neutron energy necessary to 
produce a recoil of this magnitude. 


CONTROLS AND CALIBRATIONS 


The counters were so adjusted that they did 
not respond to gamma-rays. In order to ascertain 
that gamma-rays did not affect the heavy 
particle counting rate, a radium-beryllium neu- 
tron source was placed inside a thick lead shield, 
8.5 cm in radius, and located at about 40 cm 
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from the counter. With this arrangement, a 
sufficient number of neutrons reached the 
counter, while the gamma-ray background was 
much reduced. The counting rate was observed. 
Next, a radium needle (without beryllium) was 
brought to such a distance that the gamma-rays 
passing through the counter were from 2 to 5 
times as many as would be encountered in the 
stratosphere. No change in neutron-counting 
rate was observed. It was found that the radium 
had to be brought to such a distance that the 
gamma-ray intensity was 100 or more times 
that in the stratosphere before the counting 
rate was changed by an observable amount. 

The effect of large showers may be considered. 
The maximum amount of ionization which a 
slow beta-ray could produce by ending its range 
passing along the length of the counter was 
about 1000 to 1500 ion pairs. A pulse of this 
size was not recorded, while a pulse produced by 
an alpha-particle liberating 4000 or more ion 
pairs did record. The amount of energy (Emin) 
which had to be liberated as ionization to 
produce a count is given for each flight in Table I. 
In a large shower, the particles would pass 
through a counter with an average path which 
can be roughly estimated at one diameter. Most 
of these particles ionize like fast electrons. In 
these counters, therefore, each particle will 
liberate from 2 to 10 ions on its traversal. Hence 
it will require the simultaneous passage of at 
least 200 and often 1000 such particles to cause 
a count. The size of the counter is rather small 
compared to the physical extent of a large air 
shower. Further, there was little shower-pro- 
ducing material above or beside the counter 
since the batteries, etc., were located far below, 
and the total dense matter above the counter 
may be estimated at one-fourth of a unit length 
in radiation theory. Hence it does not seem 
probable that there were enough 200-ray showers 
passing through the counter to produce the 
observed counting rate. 

In flight number 24, the voltage on the 
counter was changed during the flight by the 
switch described above, at 3-minute intervals. 
This arrangement was operated near a neutron 
source previous to flight, and the counting rate 
at each voltage for several conditions, is shown 
in Table II. First the neutron source was placed 


inside lead near the counter. The counter was 
surrounded by paraffin with irregular geometry. 
In the second test, the paraffin was removed; 
in the third, a cadmium shield was placed around 
the counter. Fourth, the neutron source was 
taken away, and the background determined, 
with and without cadmium, and finally tests 
were made for the effect of gamma-rays, and for 
disturbances produced by the switch, barograph 
motor, radio oscillator and other electrically 
connected parts. 

The purpose of this test was to determine 
whether most of the neutrons in the upper 
atmosphere produced counts by boron disinte- 
gration (i.e., as slow neutrons) or by recoils 
(as fast neutrons). The laboratory tests showed 
that the change of voltage made relatively little 
difference to the rate of counting slow neutrons, 
since the neutron counter was operating on the 
“‘plateau”’ of its characteristic curve.* On the 
other hand, for fast neutrons, the recoil pulse 
size distribution even for mono-energetic neu- 
trons will vary continuously with counter 
voltage. Hence, no plateau is to be expected,'® 
and changing the voltage will always change 
the counting rate at any voltage. The interpre- 
tation of the flight data is discussed below. 

TABLE II. Tests on BF; counter in flight 24. It will be 
noted that changing the voltage changes the rate of counting 


recoils (Cd on) more than it changes the rate of counting 
slow neutrons (paraffin on). 


COUNTS PER MINUTE | Counts PER MINUTE 
NEUTRON SOURCE NEuTROY SouRCI 
NEAR REMOVED 


PARAFFIN Cd Cd Cd Ra 
OFF ON NEAR 


| 
| PARAFFIN 
VOLTAGE ON OFF ON 








1260 | 96.0+0.2 8.14404 6.25 
1305 | 97.1+40.2 10.44+0.3 8.45/0.165 0.07 0.17 


DISCUSSION 


A proportional counter will count when an 
ionizing event liberating more than an assigned 
amount of energy, Emin, takes place inside it. 
For proportional counters in the stratosphere, 
there will be three chief types of events liberating 
large amounts of ionization. The number of 
counts per second, (m), of the counter will be 


9S. A. Korff and W. E. Danforth, Phys. Rev. 55, 980 
(1939). 
10S. A. Korff, Phys. Rev. 56, 210 (1939). 
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equal to the number of such events, and the 
total will be given by: 


V max 
n= VNpo pvpt+ Vv f i(v)a(v)dv 
0 


E max 
+5 I(E)dE+D, (1) 


where V is the volume of the counter, N the 
number of atoms of the gas in the counter, S 
the cross-sectional area of the counter, 7(v)dv 
the current of fast neutrons per sq. cm per sec. 
with velocities in the interval dv, J(E£)dE the 
current per sq. cm per sec. of highly ionizing 
particles of any kind, with energies in the 
interval dE, p the density of neutrons per cc 
with velocities in the 1/v region, og the capture 
cross section by boron for neutrons with velocity 
ve, and o the recoil cross section of the nuclei 
of the gas in the counter. The term D includes 
the background counting rate of the counter 
due to alpha-particles from natural radioactive 
contamination, a quantity which can easily be 
determined in the laboratory in the absence of 
neutrons, and which is subtracted from the 
counting rates reported in the table of observa- 
tions. It also includes the number of showers 
large enough to produce counts, and the number 
of energetic recoiling copper atoms ejected from 
the walls of the counter by fast neutrons in the 
radiation. 

The first term, the number of boron disinte- 
grations, will be zero for all counter gases except 
BF;, and hence will apply to flights 21 and 24 
only. Flights 25 and 26 will be described by the 
second and third terms. The term D will be 
disregarded, since it includes a contribution due 
to large showers, which, for the reasons above 
cited, is assumed negligible compared to the 
other quantities, and wall recoils, which will be 
shown to be unimportant. 

The contribution due to wall recoils may be 
estimated. Suppose the recoiling copper nucleus 
to have a range of } cm of air equivalent in 
copper. Then the number of wall recoils will 
evidently be of the same order as the number 
produced in the gas, and the effect will be the 
equivalent of using a counter of correspondingly 
slightly larger volume. 
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TABLE III. Values of Q, the rate of production of protons 
per cc per second as determined by the experiments. 


METERS OF WATER FLIGHT NUMBER 


EQUIVALENT 25 26 
6 4.8 10-6 6.5 x 10-8 
4 2.3 X 10-5 1.3 1075 
2 7.7X1075 4.9x« 10-5 
1 >6.5x 1075 


The number of recoils in the gas is given by 
the second term in Eq. (1). Assume that @ is a 
constant and equal to 10~*4 sq. cm. The observed 
neutron flux® of between 1 and 10 neutrons per 
sq. cm per sec. will yield about 10~* to 10~* per 
sec., between one and ten percent of the observed 
counting rate. Should one wish to explain the 
entire counting rate as due to recoils, the neutron 
flux must be increased by a factor of nearly 100, 
in which event there would be many more 
neutrons than all other types of cosmic-ray 
particles combined, and these neutrons, when 
slowed by collisions in the air, would produce a 
counting rate in the BF; counters some 100 
times larger than is observed. Further, flight 25 
used hydrogen, and flight 26 argon, with a 
nuclear weight ratio of about 40:1. Roughly 
the same counting rates were observed. Yet the 
neutron energies necessary to produce meas- 
urable recoils would be 1 Mev in flight 26 as 
compared to 60 kev in 25. Hence there could 
be very little contribution due to neutrons in 
this energy interval; but on the other hand, 
Ewax for flight 25 is close to 4 Mev, and more 
energetic recoiling protons would not be counted. 
We may conclude that recoils can explain 
between one and ten percent of the observed 
counts. 

The last term in Eq. (1) gives the contribution 
due to highly ionizing particles, including slow 
protons, passing through the counter. It is 
evident that we may write: 


Emax 
sf I(E)dE=SQR(Emax), 


0 


where Q is the rate of production of protons per 
cc of air per second, and R is the range in 
standard air of particles whose energy is Emax. 
Here Emax is that proton energy which will lose 
an energy Emin in an average traversal of the 
counter. Emin is the experimentally determined 
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“eut-off’’ of the particular counter used, and at 
proton energies above Emax, the energy loss per 
average counter traversal is not sufficient to 
record. It is evident that R(Eyax) is a sensitive 
function of the counter size and gas, and can 
in fact be shown to vary as the cube of the 
effective path length. The range R corresponding 
to Emax may be found from the tables given by 
Livingston and Bethe," and are shown in Table I 
for these experiments. Inserting the observed 
values of S and the counting rates, and consider- 
ing all the particles counted to be protons, we 
may compute Q for various elevations. The 
results are given in Table IIT. 

These values of Q are calculated per cc of 
standard air per second. Dividing by the density 
of air we find about 5X10~ per gram per second 
at the 2-meter level. This figure, it will be 
recalled, is within experimental error the same 
as the rate of production of neutrons! per gram 
per second at this level. The similarity of the 
rates of production is strongly suggestive of a 
possible connection, such as would arise if both 
protons and neutrons were produced about 
equally by a photonuclear disintegration process, 
induced by the high energy photons of the 
cosmic radiation. Other evidence for such a 
process has been discussed elsewhere.” 

Comparing the counting rate, in flights 25 
and 26, due to fast neutron recoils with that due 
to protons, we find that corresponding to Q= 1075 
and R= 10° cm, the current of protons per sq. cm 
per sec. is about 10-*, as compared to g=10-5 
and R=10° and i of about one for the neutrons. 
But the detection (recoil production) efficiencies 
of fast neutrons are about 10-* to 10° as 
compared to unity for all protons losing more 
than E,,in per counter traversal. Hence the fast 
neutrons may be expected to contribute about 
one to ten percent of the total number of 
counts. The efficiency of the BF; counters for 
the detection of neutrons in the 1/z region is 
somewhat higher than that of the recoil counters, 
and depends on the energy distribution of the 
neutrons in a manner previously discussed.! 

Consider now the interpretation of flights 21 
and 24, with BF; gas. To these, the first term 


1M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 


9, 268 (1937). 
2S. A. Korff, Proc. Am. Phil. Soc., to be published. 


Js 
we 


in Eq. (1) also applies. If we suppose flights 25 
and 26 determine the rate of production of 
protons at the 4-meter level, to be, say, 210 
per ce per second, and calculate what counting 
rate we should expect in flights 21 and 24 at 
this level, on the basis that all the counts were 
due to protons, we find about 0.66 and 0.8 c.p.m. 
as compared to the 1.0 and 1.2 c.p.m. observed. 
Hence it seems reasonable to suppose that about 
two-thirds of the counts in the BF; counter are 
proton counts and one-third neutron counts. 
This estimate is necessarily inexact. Further 
evidence may be obtained from an additional 
experiment made on one of the flights. 

On flight 24, the voltage on the counter was 
changed cyclically during the flight. This is 
experimentally equivalent to varying Ewin, and 
hence R(Eyax). It was observed that the counting 
rate when the voltage was low (1260 v) was 
about 3° of that when it was high (1305 v). If 
one-third of the counts, when the voltage was 
high, were due to neutrons, then the rate of 
counting protons changed by a factor of two 
with the change in voltage. Taking F,,j, when 
the voltage was high as being 124 kev per 
counter traversal, we find that the counter 
measured all protons with energies less than 
2.4 Mev, or of 10-cm range. When the voltage 
was lowered, Ein was 180 kev corresponding to 
1.6-Mev protons of 5-cm range. These estimates 
are necessarily rough owing to the small total 
number of counts. However, examining the two 
extreme alternative interpretations, the large 
change in counting rate observed upon changing 
the voltage clearly indicates that it is not 
consistent with experiment to attribute all the 
counts of the BF; counter to boron disintegra- 
tions, for in this case we should expect, as shown 
in Table II above, a much smaller change with 
voltage. On the other hand, if we suppose that 
none of the counts were due to neutrons then 
the change in Ewin corresponding to a change 
of 45 volts in the counter potential is too small 
to agree with known properties of these counters.*® 
The estimate of one-third of the counts as due 
to neutrons is, however, consistent with the other 
data on protons, neutrons and counter behavior. 

The proton flux is consistent with the photo- 
graphic plate observations of Heitler, Powell 
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and Fertel," in which they find about 6 tracks 
per sq. mm per 230 days at 7 meters of water. 
This corresponds to a flux of 3.2 10-5 per sq. cm 
per sec. This may be compared to 6X10~5 
observed in the present experiments at 6 meters. 
With an altitude dependence of two per meter 
of water, exact agreement is obtained, a circum- 
stance which must be regarded as fortuitous. 

The altitude dependence of the counting rate 
is, roughly, two per meter of water. This is the 
same as that of neutrons, as determined by 
neutron counters with boron and cadmium 
shields,*! and also with plates.2 The proton 
plates used at the Jungfraujoch were observed™ 
to have ten times the number of tracks that 
were found at sea level in the same area and 
time. This corresponds to about two per meter 
of water. This is also the rate of increase with 
altitude of the soft component, a circumstance 
suggesting a possible connection, which has been 
discussed.” 

We may also inquire whether many of the 
counts result from primary protons at the ends 
of their ranges. If we suppose the total flux of 
primary protons (J,,;) to be 0.16 per sq. cm per 
sec., and assume that all are stopped in the first 
4 meters of water equivalent of air (410° cm), 
then, since they are sufficiently ionizing to be 
detected in these experiments only during the 


13 W. Heitler, C. F. Powell and G. E. F. Fertel, Nature 
144, 283 (1939). 
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last 40 cm or less of their range in air, we would 
expect at any level to find <=J,1i140/4X 105, 
or 1.6X10~-5 per sq. cm per sec., which is about 
one-sixtieth of the observed intensity. 

Thus it appears probable that most of the 
discharges of the proportional counter in the 
stratosphere can be attributed to slow protons 
produced by the radiation. The majority of the 
slow protons (energies <10 Mev) appear to have 
been produced by some process connected with 
the soft component of the radiation, possibly 
nuclear photo-disintegration. Cross sections for 
various processes of this type have been calcu- 
lated by Heitler," and are found to be in suffi- 
cient agreement with experiment, considering 
the necessarily rough experimental data avail- 
able. The neutrons, observed both by recoils 
and by boron disintegrations, are presumably 
liberated in the same process. 
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JUNE 15, 1941 


PHYSICAL REVIEW 


VOLUME 59 


Beta-Ray Energy of H® 
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The maximum energy of the H® beta-ray spectrum has been measured by its absorption in 
helium. The detector was a screen-wall Geiger-Miiller counter with helium at atmospheric pres- 
sure flowing through it at all times. The maximum range of the H® beta-rays in helium was 
determined as 13+1 mm, corresponding to a maximum energy of 9.5+2.0 kev. 


NUMBER of attempts have been made to 
determine the energy of the H® beta-rays.! 


1L, Alvarez and R. Cornog, Phys. Rev. 57, 248A (1940) ; 
G. U. Perlow, Phys. Rev. 58, 218 (1940); R. D. O'Neal, 
M. Goldhaber, Phys. Rev. 58, 574 (1940). 


Measurements on this spectrum are made diff- 
cult by its extremely low energy, but if we 
use a screen-wall Geiger-Miiller counter work- 
ing at atmospheric pressure and filled with 
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helium,? we have a convenient method for dealing 
with the problem. Although the method possesses 
the inherent inaccuracies of absorption methods, 
including the lack of a good range-energy relation 
in this low energy range, it allows constant 
counter characteristics throughout the experi- 
ment, and we can evaluate and make the 
corrections due both to changes in solid angle 
and to the failure of the sensitive volume of the 
counter to coincide with the physical limits of 
the cathode screen. 

The source of H*, which was generously 
supplied by the Radiation Laboratory at 
Berkeley, was in the form of water. No simple 
method of preparing the source could be found 
to keep the counter from becoming contami- 
nated. Therefore a more complicated method 
was used. PO; was sublimed onto the source 
plate in a vacuum. The source plate was then 
suspended, without coming in contact with the 
air, in the radioactive water vapor in an atmos- 
phere of helium at room temperature for twenty- 
four hours. With sources prepared in_ this 
manner, the background of the counter remains 
constant over long periods of time, and the 
source strength remains constant as long as a 
dry-ice trap is provided between the counter 
and the helium tank. The trap eliminates 
moisture which would otherwise enter the coun- 
ter and be absorbed by the source, whose 
activity would thus be decreased. 

The apparatus used to measure the range of 
the beta-rays is shown in Fig. 1. It consists of a 
14-mesh screen-cathode Geiger-Miiller counter 
with a plunger, which holds the source, sliding 
in the side arm on the counter envelope. Helium 
from a commercial tank flows into the counter 
through a dry-ice trap, down over the source, 
and out into the air through a bubbling bottle 
which serves to show the rate of flow of the 
helium and acts as an air lock in case the helium 
flow is shut off. Helium at approximately 
atmospheric pressure, flowing through the coun- 


?It was thought that the use of these counters was 
original (S. C. Brown, Phys. Rev. 58, 1121A (1940)). 
It has been pointed out, however, that J. A. Bearden and 
C. L. Haines, Phys. Rev. 40, 1048A (1932); and J. S. 
Allen and L. W. Alvarez, Rev. Sci. Inst. 6, 329L (1935) 
showed that helium-filled counters could be operated at 
atmospheric pressure. It is unfortunate that this useful 
method of detecting low energy beta-rays should have 
been overlooked. 


ter in this manner, is used for three reasons. 
At atmospheric pressure it is not necessary to 
have any window between the source and 
counter, so that very low energy beta-rays can 
be measured. If the helium is kept flowing 
gently through the apparatus at all times the 
apparatus does not have to be made vacuum 
tight and therefore has advantages of simplicity 
in construction and operation. Helium is used 
so that at atmospheric pressure the counter will 


> SCREEN CATHODE 
™ GEIGER - MULLER 
COUNTER 


J 
‘ SOURCE 
FROM ORY-ICE TRAP 
AND HELIUM TANK 





Fic. 1. Sketch of the atmospheric pressure helium flow 
counter used. The counter cathode is 10 centimeters long 
and 2 centimeters in diameter. 


operate at voltages which are easily obtainable 
by ordinary Geiger-Miiller counter amplifiers. 
The threshold of the counter used was 1200 volts. 

The counter was fed through a counting rate 
meter,’ the output of which went to a galva- 
nometer. The deflection of the galvanometer 
was proportional to the counting rate and was 
recorded photographically. The counting rate 
was determined as a function of the distance 
between the source and the outer edge of the 
screen. The result of this is plotted in Fig. 2. 

As the source is moved away from the counter, 
the beta-rays are more and more strongly 
absorbed, and also the solid angle changes. 
Both these changes would affect the counting 

3R. D. Evans and R. L. Alder, Rev. Sci. Inst. 10, 332 
(1939). 
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Fic. 2. Absorption curve of the H® beta-rays in helium 
at atmospheric pressure. 


rate. The amount of the change due to changes 
in solid angle was determined by using an 
alpha-ray source and operating the counter as a 
proportional counter so that only alpha-rays 
would be recorded. When the counter is kept 
within the range of the alpha-particles, the 
counting rate as a function of distance gives the 
correction to be applied for changes due to solid 
angle. This, of course, does not change the end 
point, but merely the shape of the curve. 

Figure 2 would give the maximum range 
directly if the sensitive volume of the counter 
coincided with the physical limits of the cathode 
screen. Since this is not necessarily true, the 
following experiment was done to determine 
where the electrical edge of the counter was in 
comparison with the physical edge. A polonium 
source was substituted for the H*® source. Two 
sets of observations of the range were made 
with the counter operating in its Geiger-Miiller 
region, one with a 0.5-mil aluminum foil wrapped 
around the cathode so that the field of the 
counter extended no farther than the edge of 
the screen, and another when the same aluminum 
foil was placed directly over the source. The 
measured difference in the range showed that 
the sensitive volume of the counter extended 
one millimeter beyond the physical limits of 
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the screen, the width of the holes of which was 
two millimeters. Applying this 
correction the measured the H? 
beta-ray, we get for the maximum range 1341 


approximately 
to range of 
mm of helium at atmospheric pressure. 

Difficulty is encountered when one tries to 
convert this range into energy, because of the 
lack of a good range-energy relation in this low 
energy domain. The best that can be done at 
present is to compile the available data for the 
range of homogeneous cathode rays and put the 
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Fic. 3. Range-energy relation of homogeneous cathode 
rays. Data from the following authors: O T. Alper, Zeits. 
f. Physik 76, 172 (1932); + J. M. Nuttal, E. J. Williams, 
Proc. Roy. Soc. 130, 310 (1930); + * B. F. J. Schonland, 
Proc. Roy. Soc. 108, 187 (1925). 


best curve through the values obtained by a 
number of different This curve is 
shown in Fig. 3. If we use this range-energy 
relation and the fact that 13 mm of helium 
to 2.310 per square 
centimeter, the maximum of the H?' 
beta-ray is found to be equal to 9.5+2.0 kev. 

In conclusion I wish to acknowledge the help 
of Professor Robley D. Evans, under whose 
direction this work was carried out. 


authors. 


correspond grams 


energy 














th was 
g this 
he H3 
13+1 


‘ies to 
of the 
‘is low 
me at 
or the 


ut the ° 


athode 
a Zeits. 
lliams, 
ynland, 


by a 
ve is 
nergy 
elium 
quare 
e H’ 
eV. 

» help 


vhose 














JUNE 15, 1941 


PHYSICAL 


REVIEW VOLUMI 59 


The Production of Characteristic X-Rays by Deuteron Bombardment 


| % M. Cork 
University of Michigan, Ann Arbor, Michigan 


(Received April 12, 1941) 


It is shown by a photographic method that for deuterons of 10 Mev ° characteristic K radia- 


tion is emitted from targets of atomic number 38 or less. Because of absorption, the intensity 


appears to have a maximum for elements of atomic number about 28. Similarly, Z radiation is 


observed for the heavier elements with a maximum in the neighborhood of atomic number 64. 


For a copper target the yield of x-rays is observed as a function of the exciting energy. The 


results are compared with the theoretical calculations of Henneberg. 


HE possibility of producing x-rays by the 

bombardment of targets with heavy par- 
ticles was demonstrated as early as 1913 by 
Chadwick! and by Rutherford and Richardson.” 
They employed the alpha-particles from radium 
emanation. Several later investigations have 
been made with alpha-particles* from natural 
radioactive sources and with protons' whose 
energies were as high as 1.76 Mev. In_ these 
investigations the x-rays have been detected by 
sensitive ionization chambers or Geiger counters, 
and the nature of the x-rays revealed by studying 
their absorption in aluminum. A theoretical 
treatment of the problem, leading to an expres- 
sion for the distribution of the x-ray energy 
with changing atomic number of the target and 
with the incident energy of the particle has been 
presented by Henneberg.® 


EXPERIMENTAL 


In observing photographically in a magnetic 
field the disintegration particles resulting from 
deuteron bombardment in the cyclotron, a 
prolific yield of undeflected radiation is found for 
certain elements. The radiation from the target 
is collimated by a slit and then dispersed by the 
strong magnetic field of the cyclotron provided 
with an auxiliary magnetic shunt. The target is 
usually a thin strip of material about one-half 
mm wide and 0.025 mm thick and is mounted 
at an angle of 45 degrees with the deuteron 


1 J. Chadwick, Phil. Mag. 25, 193 (1913). 

2 E. Rutherford and H. Richardson, Phil. Mag. 25, 722 
(1913). 

*W. Bothe and H. Franz, Zeits. f. Physik 52, 466 (1928); 
C. Gersten and W. Reuse, Physik. Zeits. 34, 478 (1933). 

'M. Livingston, F. Genevese and E. Konopinski, Phys. 
Rev. 51, 835 (1937). 

*W. Henneberg, Zeits. {. Physik 86, 592 (1933). 
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beam. The radiation is observed at an angle of 
90 degrees with the beam, whose dimensions are 
such that the source of x-rays is a vertical line 
about five mm long parallel to the vertical slit. 
The photographic plate was mounted in a 
carriage at any desired distance from the slit. 
The x-rays together with any gamma-radiation 
thus appear in the undeflected position on the 
photographic plate as shown in Fig. 1. 

The energy of the bombarding deuterons was 
usually about 10 Mev, having a range in air of 
about 66 cm. For the lighter elements the thin 
targets had a stopping power of not over 10 cm 
of air so that the energy of the deuterons was 
only slightly reduced and the shorter wave- 
length x-rays were not absorbed appreciably. 

Observations were made of the yield of x-rays 
from about 35 elements distributed throughout 
the whole periodic table. For those elements not 
available in thin foils, a finely powdered form 
of the material was made to adhere to a sup- 
porting fiber of one-half-mil aluminum foil. 
Reproductions of certain of the plates at a 
distance of six cm from the slit, for a bombarding 
beam of one microampere for one minute, are 
shown in Fig. 1. The relative production of 
x-rays is estimated from the comparative 
blackening of the photographic plates for 
identical exposures. 

For a particular element such as copper, an 
attempt was made to determine the yield of 
x-rays as a function of the bombarding energy. 
The deuterons were allowed to pass through 
aluminum foils of various thicknesses before 
impinging on the target. Experiments were also 
made to show the quality of the x-rays, that is, 
that they are the characteristic radiation of the 


target element. 
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Fic. 1. Photograph showing the characteristic x-rays and 
deflected particles for certain elements. 


RESULTS 


For the incident energy of 10 Mev, char- 
acteristic K radiation is found for elements of 
atomic number 38 or less. The estimated relative 
yields are shown in Fig. 2. Between atomic 
numbers 52 and 78 the L series x-rays are found 
but much less abundant than the K radiation 
for the lighter elements. The maximum for the 
K radiation occurs for elements of atomic 
number around 28 and for the Z radiation 
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Fic. 2. Relative vield of K radiation from various 


clements for 10-Mev deuterons (heavy line); theoretical 
values adjusted at Z = 34 (dotted line). 
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Fic. 3. Wave-lengths of A-emission lines and absorption 
edges for certain elements. 


around atomic number 64. As the energy of the 
incident deuterons is decreased it is found that 
the x-rays from a copper target are still observ- 
able until the energy approaches 4.5 Mev, or 
about 17 cm air range. 

To make sure that the radiations from a 
particular element such as copper consist solely 
of the K x-rays of that element, and are neither 
continuous nor x-rays emitted subsequent to 
such a process as K-electron capture by the 
nucleus, the following experiment was performed 
for both copper and zinc. The wave-length of 


Foils (0.0025 cm) of 





Cu 29 
Ni 28 : 

Fic. 4. Photo- 
graph showing ab- 
sorption of X-rays 

Ke 26 from copper in one- 
mil foils of copper, 
nickel and iron. 
DEFLECTED X-RAY 
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the copper K alpha radiation is 1.5414. If K- 
electron capture had occurred in the nucleus 
then the subsequent x-ray emission would be 
the K series of zinc whose alpha-lines have a 
wave-length of 1.438A. The critical K-absorption 
edges of the elements in this part of the periodic 
table are shown in Fig. 3. Thus copper K alpha 
radiation would be strongly absorbed in iron 
and only slightly absorbed in nickel and copper, 
while zinc K radiation would be largely absorbed 
in nickel and iron and scarcely absorbed in 
copper. By covering the photographic plate 
with equi-thick strips (0.025 mm) of the three 
metals a result as shown in Fig. 4 was observed. 
It is apparent that the iron foil almost com- 
pletely absorbs the radiation while the copper 
and nickel only reduce it slightly, as would be 
the case for copper radiation. Continuous 
radiation would be absorbed almost equally by 
the three foils. The radiation from a zinc target 
was almost completely absorbed by both nickel 
and iron and only slightly reduced by copper 
as would be the case for zinc K radiation. 


DISCUSSION 


If one assumes an elastic impact between the 
deuteron and the electron, the conservation of 
momenta and energy expressions indicate an 
expected excitation energy for each element. 
For an incident velocity V of the heavy particle 
of mass M against an electron of mass m at rest, 
the electron would recoil with a velocity v 
equal to V plus V’ where V’ is the final velocity 
of the heavy particle. Since the mass of the 
deuteron is relatively so large, V’ differs but 
slightly from V hence v is approximately 2V. 
The energy given to the electron is therefore 
4m/M times the incident energy of the deuteron. 
Conversely, the critical incident energy expected 
to excite the K radiation would be M/4m times 
the well-known critical electron potentials from 
X-ray spectroscopy. For copper, electrons of 
8.86 kev or greater excite the K radiation. The 
above factor indicates that deuterons of 8.2 Mev 
should behave similarly. Actually, deuterons 
with much less energy, even down to 4.5 Mev, 
are able to produce this effect. From the above 
relationship the incident energy of 10 Mev 
should be scarcely sufficient to excite the K 
radiation of gallium (Z=31), whereas in fact 


such deuterons will excite atoms as heavy as 
Z=38. This ability of the heavy particle to 
communicate more energy to the electron 
indicates the inadequacy of the simple treatment. 

A more realistic treatment of the emission 
process based upon the Born approximation 
principle, as carried out by Henneberg, yields 
results that are not greatly in disagreement with 
those observed in this investigation. The theo- 
retical expression shows the number of K 
electrons ejected by a constant excitation to 
increase progressively as the atomic number of 
the target decreases. Thus if in Fig. 2 the 
theoretical expression is adjusted at atomic 
number 34 to agree with the experimental after 
allowance for absorption is made, then its course 
is indicated by the dotted curve. To obtain the 
expected experimental curve the derived values 
must be multiplied by a reduction factor due to 
the absorption of the x-rays in an air path of 
6 cm, an aluminum foil 0.0025 cm and a small 
effective absorption in the target. These total 
factors are of the order 0.6, 0.1 and 10° for 
atomic numbers 30, 24 and 16, respectively, thus 
yielding a maximum as observed. The principal 
disagreement is that the theory would predict a 
considerable yield of K x-rays for elements of 
atomic number greater than 38, which are not 
observed. 

An approximate value can be ascribed to the 
cross section for the process of x-ray emission by 
the heavy particle. For the iron target under the 
conditions of the experiment, the theory of 
Henneberg would predict a cross section of about 
3X10-*! cm*. Experimentally 10 incident par- 
ticles passing through a small volume of iron 
containing 10'* particles was sufficient to blacken 
the photographic plate at a distance of 6 cm. 
By estimating the number of photons required 
to blacken unit area of the plate, a guess could 
be made of the total number of photons emitted, 
and hence the cross section. Such considerations 
lead to a value 10 to 100 times greater than the 
theoretical, but the difference cannot be regarded 
as outside the limit of error in the calculation. 

This investigation was made possible by a 
grant from the Horace H. Rackham fund. For 
discussions of the theory I am especially indebted 
to Professors D. M. Dennison and G. E. 
Uhlenbeck. 
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On the Passage of Neutrons Through Ferromagnets 


O. HALPERN AND T. HoLstTEIN 
New York University, University Heights, New York, New York 
(Received April 19, 1941) 


The paper contains a treatment of various phenomena 
occurring in the passage of neutrons through domains which 
are regularly or irregularly magnetized. After setting up 
general equations for the behavior of the neutron spin in 
different types of magnetic fields which correspond ap- 
proximately to various stages of magnetization in ferro- 
magnets we obtain very general results for the depolariza- 
tion of an originally polarized beam. These results can be 
easily extended to arbitrarily constituted beams. We report 
next, briefly, on current views concerning the domain 
structure of ferromagnets and discuss in detail the possi- 
bilities of investigating this structure by means of experi- 
ments with partially polarized neutron beams. The dis- 


I. INTRODUCTION 


HE study of the passage of neutrons through 
ferromagnets promises to lead to results 
which will be interesting from two points of view. 
On the one hand experiments with polarized 
neutron beams should reveal important informa- 
tion about the magnetic structure of the ferro- 
magnets dependent upon the state of saturation, 
the mechanical, and the crystallographic condi- 
tion of the material. On the other hand it will be 
seen that the magnetic condition of the ferro- 
magnet is of decisive importance for all experi- 
ments which aim to produce polarization phe- 
nomena with the aid of permanent magnets. 
The underlying concept is essentially very 
simple. Interaction will always be set up between 
the neutron spin, or more precisely its magnetic 
moment, and the magnetic field of the ferro- 
magnet. The effects of the interaction will depend 
obviously on the variation of the magnetic field 
along the neutron’s path in magnitude and 
direction. One has therefore to examine how the 
spin of a neutron will behave in magnetic fields 
the variation of which may follow several differ- 
ent sufficiently simple and general assumptions. 
In the same way that magnetic fields influence 
the state of polarization of a polarized beam they 
will also affect and in general retard the pro- 
duction of a polarized beam inside of a ferro- 
magnet. The theoretical prediction of the result 
of a polarization experiment can therefore only be 


cussion divides itself naturally into the treatment of single 
crystals, macroscopically unmagnetized polycrystals and of 
polycrystals near magnetic saturation. Revising previous 
unsatisfactory treatments we derive in a very general 
manner formulae for the change of intensity and polariza- 
tion of a neutron beam traversing a saturated or quasi- 
saturated ferromagnetic medium. The formulae obtained 
constitute the basis for a modified theory of the well-known 
neutron polarization experiments. A closing paragraph 
contains a brief comparison between theory and experiment 
as far as it can be carried out without evaluating certain 
phenomenological constants, a task reserved for the fol- 
lowing paper. 





made when these retarding factors are fully 
taken into account. The revised theory of 
polarization experiment shows that the effect of 
depolarization is much greater than previously 
expected so that, for example, the deviation from 
magnetic saturation must lie in the neighborhood 
of 0.1 percent if the experiments are not to be 
affected appreciably. 


II. GENERAL THEORY OF THE SPIN MOTION OF 
A NEUTRON IN MAGNETIC DOMAINS 


The variation of the spin axis of a neutron 
passing through a magnetic domain is determined 
by the ‘‘classical’’ equation of motion: 


ds/dt=[uXH(r)]/h=gsXH(r), (2.1) 


where s is the operator for the spin of the neutron 
in units of h, uw the magnetic moment of the 
neutron, H the magnetic field of the domain, 
g=(u/h)s the gyromagnetic ratio of the neutron, 
and r its location. 

From the quantum-mechanical point of view 
s, wu and rare operators. To see that the passage 
to the classical interpretation will give correct 
answers, one observes the following: (1) The size 
of the regions over which the magnetic field of the 
domains suffers appreciable variation (> 10-4 cm) 
is much larger than the wave-length of the 
neutron (~10-% cm). This circumstance allows 
one to treat the positional motion classically. 
(2) As will be shown later, the quantity de- 
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termining the neutron polarization as measured 
in the transmission experiments is the expectation 
value of the spin, i.e., the classical observable. 
(3) Since the equation is linear in the operators 
(all the other quantities being ordinary numbers), 
no error is incurred by replacing each by its 
expectation value. (If there occurred terms of the 
form s,s,, this replacement would be incorrect, 
since S:S,#5,Sz-) The classical interpretation of 
(1) will, hence, be used exclusively. 
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of the spin axis of a neutron in traversing a 
magnetic medium one assumes the medium to be 
made up of a series of regions (1-+-+i-+++#) in each 
of which the magnetic field H; is constant in 
direction. From Eq. (2.1) and the above con- 
siderations it is readily seen that in passing 
through the 7th region the change of spin is such 
that (1) the component parallel to Hy, is un- 
changed (s);=S)(i-1,) and (2) the component 
lying in a plane perpendicular to H; precesses 





In applying Eq. (2.1) todetermine the rotation about J/; with angular velocity #;=g/J/j, i.e. 


Sii=S2c-1 cos( f elt) +84 » XH; //7, sin( f eltat), 2.2) 
0 0 


where JJ; is the algebraic magnitude of H; with reference to an arbitrarily defined sense. If we write 
Sug—py =(Si-1°-H,;)-Hj/77 and = saci) =8;-1—(Si-1-H)H,;//7,", 


s; is given by s;=A(S¢i-1) where A; is the dyadic! 


H;H; H.H; " " H; X 
A;=— +(1- ) cos( f ettat) —sin( f eltut) - (2.3) 
HH; IT; 0 0 IT, 


By successive application of this procedure the final value of the spin s; is given by s;=A,-°++Aj*+ +A So. 
This gives the rotation of the spin axis of a neutron traversing a given path. The magnitude of the spin 
is, of course, constant. To obtain the spin of the emerging neutron beam, s; must be averaged over all 
neutron paths. If the initial beam is polarized it is clear that the magnitude of the average spin of the 
emerging beam is, in general, smaller than that of the incident beam and hence the medium has a 
depolarizing action on the incident beam. As to the averaging process itself, it will be assumed that 
the fields H; and the magnitude of the intervals 7; have no statistical connection with each other: 
under these conditions the H; can be averaged before the 7;, a procedure which will be employed 
consistently in what follows. 

When the averaging process is applied to ferromagnetics there arises the question: What is the 
magnetic field acting on the neutron? From the atomistic standpoint this field is the Lorentz H, the 
strong variation of which over atomic distances gives rise to magnetic scattering. However, to find the 
effect of the magnetic field on the transmitted beam one must average over a region containing many 
atoms. This process, however, is precisely that which is used to establish the connection between the 
equations of Lorentz and Maxwell; the result is the well-known identification of the atomic H with 
the Maxwell B. 


III. DEPOLARIZATION OF NEUTRONS IN DIFFERENT Types OF DOMAINS? 
Case 1 
The magnetic fields of the domains are directed successively parallel and antiparallel to a fixed 
axis. In this case it is clear that 


T 
Sius=St0; Ste=Sio coSO6+SXB/B sing; o=f eBut, 


1 In what follows, the usual dyadic notation is employed. A is always of the form c,ab+c.qX, where c, and ¢: are con- 
stants, and where a, b and q are vectors. This symbolism acquires a meaning only when the dyadic operates on a vector, 
viz. A-v=c,ab-v+coq XV. 

2 We have abstained in this section from reporting on detailed calculations dealing with fluctuations, etc.; though some 
of the formulae given below do not maintain their simple form in the case of a more general treatment, their content and 
applicability remain unaffected. 
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In averaging over the beam it is necessary to know the values of ¢ for the different paths. If it be 
assumed that this distribution is symmetrical about the value ¢=0, which amounts to assuming that 
the average value of B is 0, one has 


Siy=Sito; St¢=—S10(COSP)sy. (3.1) 


Case 2 


The magnetic field B; of the ith domain (corresponding to the ith time interval 7;) is random in 
direction, but constant both in magnitude and direction throughout 7;. I.e., 


(Bridw=(Byidw=(Bzi)w =9, (3.2a) 
(B,i:Byiw=90 for all x, y, s and 7+}, (3.2b) 
(B,:Byiun=0 for x¥y, (3.2c) 

(B ?) my = (By?) = (B 2?) = 3(B?) a, (3.2d) 

0B; /dt=0. (3.2e) 


From Eq. (3.2a) 


BB; BB; B; xX 
A,;= +(1 _ ) cosgBr;— (singB;r;) _ 
B; B;; B; 


and from Eq. (3.2b) it can be seen that (A,°+ +A y)w=(An)w**(Aaa. To find (A i) one observes from 
(3.2c) and (3.2d) that 


(B.B;), = ((iB.:+jB,:+kKB.;) (iB.;+jB,:+kB.,;)). 
= }(B*), (ii +jj+kk) = }(B*)a 
and from (3.2a) that (B; ),=0. Hence 


(A w= 4+2 cosgB;7;=1—(4/3) sin? 3gB;7; 


or 
s;=7;|1—(4/3) sin*}gB;7; |so. (3.3) 
The further development of (3.3) depends upon the size of the domains, as expressed by the 
magnitude of the 7;. We distinguish two cases. 


a. 4gB;7;K1: w1—(4/3) sin*}gBi7;]=mi(1 — }g°B,*7,*) 
exp — 32° Di B;*7,;? ]=exp[ — 274 By,") Di T;° |. 


> 


Hence ; 
Ss=So exp —4.g7°(B*) alt?) wT / TH |. 


Since in the applications of this formula only the order of magnitude of the exponent is of impor- 


tance, one may write 


$;=59 expl — 32°(B*)w TT], 


which, in terms of the thickness of the material traversed d, the average linear dimension of the 
domain 4, and the velocity of the neutrons v, becomes: 

S=So expl —4g°(B?),d5/v? ]. (3.4a) 
b. 4gB,7;=1: Using, again, a procedure which gives the order of magnitude of the exponential without 
regard for numerical factors of order unity, one obtains 


w{ 1—(4/3) sin®}gB,7; 21 — (4/3) sin®?4gB jr; ]7/w2(4)7/*2e-- 4, (3.4b) 
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The physical distinction between the two cases arises from the fact that, when }gB,7;<1, the 
depolarization is produced by a succession of small rotations the magnitude of which is given by the 
quantity gBiri, whereas, when }gB;7;>1, the rotation in each domain is so large that the component 
of the initial spin perpendicular to B;, s,(;-1), averages out to zero, leaving only the parallel component 
Si, the magnitude of which is independent of gBjr7;. Since the average of $,,¢:~1) over all directions of 
the field is }s;: the depolarization factor is } per domain or 3 "=3~“¢ for the whole specimen. 


Case 3 


The total field B of each domain is the sum of two fields By and B; of which the first, Bo, is constant 
throughout the time interval 7; the second, B;, is constant within the subinterval 7;, its direction 
being perpendicular to that of By but otherwise random. As regards the relative magnitudes, B;<By. 
Furthermore, it will be assumed that the initial direction of the spin s is parallel or anti-parallel to 
that of By. Expressed mathematically these conditions read: 


B,;=0 (s-axis parallel to By), = (3.5a) B;<K<By, (3.5d) 
(B,:Byj~=0 unlessx=y,i=Jj, (3.5b) $,=s,=0, (3.5e) 
(Bzi)mw = (Byam = (Bi) wv, (3.5c) OB,;/dat=0. (3.51) 


By arguments similar to those of Case 2 it is readily seen from (2.3) that 


B,Bo+B,B; B,B, +B B, bf singBor; 
(Adu=¢ ) +(1 — ) cosByr;— Bo X ) avs 
By,?+B; Av B+B; Ay . (By?+B,*)! 


where the brackets denote averages over the directions of the B; (not the magnitude) and where use 
has been made of (3.5d) to replace |Bo+B;| by By in the arguments of the trigonometric functions. 

It is clear from the form of the dyadics that if condition (3.5e) is satisfied for So it will be satisfied 
for s at any time; i.e., the average of s is always parallel to By as it must be since this direction is the 
only preferred direction of the whole process. This circumstance permits the dropping of the dyadics 


(B,B;),, and (Bo X)». Furthermore s-B,By= By’s. Hence 


B,? B,? B .* 
sr] : +(1- ) cosed.rs v=] 1-(1- )(1 -cosea r } 
By? +B; B,?+B?? By?+B? 


H7r[1—2(B,?/By") sin*}gBor; |ssZexpl —2 > (B*/ By?) sin? }gBor; |s 


with use of condition (3.5d). 
As in Section 2, two cases are of interest: a. }gBor; <1. Then, 


s;=S,) exp —} >; g°Bi?r.?7 ]=So exphag( Bear aT) ta). 


As in 2, one replaces r°4 by (7)°.=7°, obtaining 


S;=So exp[ —3g°(B,*)y7T ]=So expl —3g°%Bi*),6d 07). 3.6a) 
b. $gBor;>1. 
S;=S» exp[ — >; (B;2/ Bo?) ]=S0 exp[ —(B?/Bo?)a(T/r) ]=S80 expl —(. BY?4, Bo2)'d 6) ).  (3.6b) 


The physical distinction between the cases a and } can be described as follows: In case a gBor; 2<1, 
each domain gives rise to a small rotation of the spin ~gr;(Byop+B,) Xs. Since by hypothesis s is 
parallel to Bo, only the random field B; contributes to this rotation with the amount g7,;B,s. These 
rotations accumulate according to formula (3.6a). If, on the other hand, gByr;>1 the component of s 
which is perpendicular to By +B; undergoes a large rotation, and if we average over B; and 7; this 
component reduces to zero. There remains, therefore, only the component parallel to By) +B, with a 
magnitude sBy/|Bo+B;|. Averaging this vector component over all directions of B; leaves us with 
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a vector parallel to By which has the magnitude 

s(Bo?/ Bi’? +B?) ~exp(—B?/B,). 
This gives semi-quantitatively a depolarization coefficient per domain equal to exp(—B,;/B,*) and, 
correspondingly, a depolarization coefficient exp(—B,/B,?) =exp! — (d/é)(B?/B,?) ] for the total 
thickness of the ferromagnet. 


Case 4 

(a) The field of each domain is again made up of two components. The first, Bo, is the same for all 
domains; the second, B;, constant throughout the time interval 7;, is completely random in direction. 
The magnitude of B; is now taken to be of the same order as that of Bo. 

(b) The Larmor period is large compared to the time spent in a domain: g|By+B;) 7;<1. 

(c) The initial direction of the spin vector is the same as that of Bo. The constancy of B; in time 7; 
and the statistical independence of the B; again permit the reduction of (3) to the form 


(Bo+B,)(Bo+B;) (Bo +B;)(Bo+B;) 
(Adn= ( ) +(1- “) cose |By+Bi| 1. 
(Bo+B;)? Av (Bo +B;)° Ay ; 
singt;|By +B, 


B;+B; 


((Bo+B,) XX ) ave 


The mathematics of the averaging process is complicated by the dependence of |Bo+B;!| on cos(Bo, B;) 
which must be taken into account in averaging over the direction of B;. One can get around this 
difficulty by employing condition (b). Expanding cos(g|Bo+B,| 7;) and sin(g|Bo+B,| 7;) in terms of 
their argument, one obtains: 


A,=1—}g°7,7[ (Bo+B;)?— (Bo+B;)(Bo+B,) ]—g7:(Bo+B;) xX, 
which, when averaged over the directions of B,, gives 
(A w= 1—3¢7%(77[B?+B,? —BoBo — 1B; })w. 
Now, by condition (c), BoBo-s= Bo’s hence 


(A iw = 1 — 3g77,(B;*)w =expl — $2°(7:°B,*)w | 
or 








S;=So expl —}3 Di (g°7:Bi?)w ]=So expl — 32° Bi*)u(7?)w 7/7] 


Ss» exp[ — 32°(B;*)a7T ]=So expl — 32¢°(B;*)nd5/v? J. 


IV. DoMAIN STRUCTURE OF FERROMAGNETS 


According to present ideas, a ferromagnetic 
material consists of domains of microscopic size 
in each of which the atomic spins are lined up to 
give a spontaneous magnetization. In the unmag- 
netized state the directions of these spontaneous 
magnetizations are such that the macroscopic 
magnetization is zero. The application of an 
external field causes these directions to shift in 
such a way as to reduce the angle between the 
magnetization and this field. The net effect is 
then no longer zero; in other words the system is 


magnetized. 


(3.7) 


The nature of the domains is determined, as is 
to be expected, quite sensitively by the physical 
state of the material. For the purposes of this 
paper these states are classified according to the 
following scheme: (1) single crystals, (2) unmag- 
netized polycrystals, which will now be discussed 
in order.* 

(1) Single crystals 

The distinguishing feature of crystal ferro- 
magnetism is anisotropy of magnetization. It is 

3 The case of magnetized polycrystals, in which the 
magnetic inhomogeneities are due to the slight deviations 


of the magnetizations of the component crystals from the 
direction of the external field is discussed in Section VII. 
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found that the increase of magnetization in an 
applied field is strongly dependent on the direc- 
tion of this field with respect to the crystal axes. 
For instance, in the case of iron, a field of only a 
few gauss suffices to produce saturation parallel 
to a cubic axis, whereas saturation along a 
[1, 1, 1] plane requires a field of almost 400 
gauss. Thus, for iron, the cubic axes are the 
preferred or “easy” axes of magnetization, 
whereas the [1, +1, +1] planes are the ‘‘diffi- 
cult’’ axes. For a more complete discussion of the 
experiments the reader is referred to the standard 
texts,* * it will suffice, here, to state the concepts 
which have resulted from them. The process of 
magnetization is, at present, regarded as pro- 
ceeding in the following manner. In the unmag- 
netized state the domains are lined up along the 
preferred axes in such a way that the macroscopic 
magnetization is zero. When a field is applied, the 
domains readily shift their directions to that 
preferred axis which makes the smallest angle 
with the field, the ease with which this change is 
accomplished being determined by the coercive 
force, which is very small for single crystals. 
Further increase of the field causes the mag- 
netization vector to be rotated away from the 
preferred axis, macroscopic saturation being 
attained when this vector is brought into coinci- 
dence with the direction of the field. 

Up to this point, the properties of domains 
have been discussed solely from the standpoint of 
their role in macroscopic phenomena. The most 
important progress in recent times, however, 
has been achieved by the method of colloidal 
magnetic powders.® The principle upon which 
this method is based is identical with that behind 
the elementary demonstration of magnetic fields 
by the use of iron filings: The magnetic powder is 
acted on by a force which drives it to the place of 
strongest field strength. In practice, a suspension 
or colloidal solution of magnetic powder is placed 
on a smooth surface of the specimen. The 
resultant pattern, which is determined by the 


‘F. Bitter, Introduction to Ferromagnetism (McGraw- 
Hill Book Company, Inc., New York and London, 1937), 
Sections 57-62. 

5E. C. Stoner, Magnetism and Matter (Methuen and 
Company, London, 1934), Chapter XI, Section 6. 

*For a comprehensive review of this method, see 
reference 4, Sections 33, 34. 
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fields arising from the presence of surface domains, 
is examined with a microscope. 

Unfortunately, the detailed interpretation of 
the results is subject to a serious limitation.’ It 
has been found that the patterns formed on 
mechanically polished surfaces, in general, differ 
from those formed on naturally smooth surfaces. 
The question arises as to whether the observed 
domain structure is really characteristic of the 
whole crystal, or whether it is merely a surface 
phenomenon connected with some magneto- 
mechanical effect of the polishing operation. 

The only experiments which seem free from this 
objection are those of Elmore,* who investigated 
the powder patterns of cobalt. The surfaces on 
which the patterns were observed were prepared 
by electrolytic polishing. It was found that 
mechanical polishing, followed by electrolytic 
treatment, did not change the type of pattern; 
hence it was reasonably certain that the surface 
structure is independent of the treatment and 
that, consequently, this structure could be 
identified with that existing in the interior. The 
observations themselves indicated the existence 
of plate-like or thread-like domains with mag- 
netization alternately parallel and anti-parallel to 
the hexagonal axis. (Cobalt possesses a hexagonal 
crystal structure.) As this axis is the only pre- 
ferred direction, this result coincides quite satis- 
factorily with those of the anisotropy experi- 
ments. It was also found that the shortest 
dimension of the domain always lay perpendicular 
to the hexagonal axis, its magnitude lying be- 
tween the limits of 1 to 70x. 


(2) Unmagnetized polycrystalline media 


The domain structure of polycrystalline media 
is obviously much more complicated than that of 
single crystals. The origin of these complications 
is twofold. First, the axes of easy magnetization 
vary in a more or less random fashion through the 
specimen with the result that at the boundary of 
the crystal grains discontinuities in magneti- 
zation give rise to free magnetic charges; these 
charges, in turn, set up a magnetic field whose 
reaction on the domain magnetization can be 
quite appreciable, even to the extent of rotating 


7 W. C. Elmore, “Properties of the surface magnetization 
in ferromagnetic crystals,”’ Phys. Rev. 51, 982 (1937). 
®W.C. Elmore, Phys. Rev. 53, 757 (1938). 
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this magnetization somewhat from the preferred 
axes.* Secondly, the usual polycrystalline samples 
are in a more or less strained condition. Strains 
produce two effects: the setting up of new pre- 
ferred axes'® and the increase of the coercive 
force and hysteresis. 

Direct information 
structure of polycrystals has been obtained almost 
exclusively from experiments on the Barkhausen 
effect. It is noticed that when a ferromagnetic 
material is subjected to an increasing external 
magnetic field, there occur sudden reversals of 
the magnetization of the domains; these reversals 
are detected by amplification of the pulse pro- 
duced in a secondary coil surrounding the speci- 
men. A systematic investigation of the size and 
direction of single reversals in iron, conducted by 
Bozorth and Dillinger" has revealed the follow- 
ing: (a) On the steep part of the magnetization 
curve, the direction of the reversals is mainly 
parallel to the applied field. The average volume 
of a single reversal is of the order 10~° to 10-8 cm*. 
(b) On that part of the curve above the knee 
(B~14,000 gauss, /7~5 gauss) the direction is 
mainly transverse with respect to the field. The 
volume of the reversals is of the order of 10-” 
cm’. (c) With fields high enough to produce a 
quasi-saturated condition no reversals have been 
noticed ; the approach to saturation seems to take 
place mainly by the process, described in the 
preceding section, of a rotation of the magneti- 
zation vectors of the individual crystal grains 
away from the preferred axis toward the direction 
of the external field. The Barkhausen jumps are 
thus linked up with the irreversible hysteresis 
processes occurring mainly in low fields ~0 to 20 
gauss. (d) The above observations, including the 
numerical values of the volume of the reversals, 
hold for all types of iron, ranging from well- 
annealed to cold-worked specimens, as well as for 
nickel and Permalloy. Since the size of the 
crystal grains differs considerably for these 
various cases, the volume of a Barkhausen re- 
versal may be larger than, equal to, or smaller 
than the volume of a single grain. 


concerning the domain 


® When there is no free charge a field B=4rM is still 
present; the torque per unit volume exerted by this field, 
4rM XM is, however, zero. 

%” Reference 4, Section 54-58, Chapter VII. 

1 R. M. Bozorth, Phys. Rev. 39, 353 (1932); R. M. 
Bozorth and J. F. Dillinger, ibid. 34, 772 (1929); 35, 733 
(1930). 
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These results have been interpreted by some 
authors” as indicating that the the 
domains is independent of the crystalline struc- 
ture. On the basis of this concept a single domain 
would include regions of widely different elastic 
and crystalline condition, a conclusion which one 
would accept only with extreme reluctance. If, on 
the other hand, the domains are of the same size, 
a single Barkhausen jump must involve the 
simultaneous reversal of the magnetization of 


size of 


several domains. 


V. APPLICATIONS OF DEPOLARIZATION OF NEU- 
TRONS TO THE STUDY OF THE DOMAIN 
STRUCTURE OF SINGLE CRYSTALS 


The concept of the domain structure of cobalt 
as an alternating series of parallel and anti-parallel 
magnetizations, as obtained from Elmore’s ex- 
periments, will be used as a starting point in the 
discussion of depolarization effects in single 
crystals. The results for this case can be written 
down immediately from Section III (1), provided 
it can be shown that the magnetic field B is also 
either parallel or anti-parallel to a fixed direction. 
Since 

B=H+47rM 


and 


H=V { divM(r’) r—r’ |dx'dy'dz’, 


the only deviation from the conditions of III (1), 
can arise from the existence of a ‘‘free charge”’ on 
the surface of the crystal; in the interior, the 
direction of magnetization is always parallel 
to the domain boundaries, i.e., perpendicular to 
the direction of variation of M, with the result 
that divM=0. It can also be shown that, by 
suitable experimental arrangement, the surface 
effects can be avoided. Therefore, one has B= 427M 
which, when substituted into (3.1) gives 


Sis=S.i0(cos4a M6), 
Si¢=Sit0, (9 


where 6 is the excess time spent in the positively 
oriented domains. The consequences of these 


formulae will now be treated in the order 


enumerated: 


2 R. M. Bozorth, Phys. Rev. 39, 353, 375 (1932); 
E. C. Stoner, reference 5, page 413; W. F. Brown, Phys. 
Rev. 53, 482 (1938). 
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(1) Depolarization of the perpendicular com- 
ponent 


As stated in III (1), the magnitude of this 
effect depends upon the distribution of @, which, 
in turn, depends upon the domain structure. 
Now, whether the domains have the form of 
layers or threads, it seems highly unlikely that 
the parallel regions would be exactly compen- 
sated by the antiparallel; one would, in general, 
expect that the excess of one over the other would 
be of the order 6 where 6 is the average linear 
dimension of the domain and m a numerical 
factor of the order of magnitude unity. If the 
beam is directed perpendicular to the hexagonal 
axes, a tentative estimate of the uncompensated 
path can be attained by taking »=1 and 6 of the 
order of magnitude of the sizes observed by 
Elmore 1 to 70u. Taking the corresponding value 
of 6=6/v to be the width of the distribution 
function, f(@), of the neutron paths over the 
possible values of 6, one finds that the argument 
of the cosine of (5.1a) varies over the interval 
|¢| <4rMgé/v which, with 1/=1400 gauss (for 
cobalt), g=2e/\/,c (M,=mass of neutron), is of 
the order of magnitude 3X10*6. It is thus 
apparent that any amount of depolarization can 
be secured depending on the value of 6. In the 
case of one extreme, 6=1p, (|¢|)w~0.3 radian, 
and (cos¢@)y~1. For the other extreme 6=70,, 
(|¢|)w=20 radians; tentatively assuming the 
distribution function for ¢ to be constant up to 
¢= 20 and zero for @ greater than this value, one 
obtains (cos¢)y~1/20 or residual polarization 5 
percent of the initial value. 

In order to obtain a suitable variation of 6 and, 
hence, of ¢ it is not necessary to employ different 
samples. If the beam is sent through the crystal 
with an inclination of x with respect to the 
hexagonal axis, all the domain lengths are in- 
creased by a factor 


.csex, Le. d,=¢o CSCx, 
where ¢» represents the value of @ for x=90°. 
The depolarization effect for any angle x is, then, 


(COS x) ay = f costo. cscx)2(d0)ddo, 


where g(¢) is the distribution function for @ 
corresponding to f(@). By studying the depolari- 
zation as a function of x one can obtain the 
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Fourier components of g(@) over a large range 
and hence obtain some idea of the shape of this 
function, itself. The width of the distribution, in 
particular, is determined by the angle x at which 
the residual polarization drops off appreciably 
from unity, i.e., when (@)w cscx ~1, from which, 
in turn, one can obtain an estimate of the 
domain size to be compared with the results of 
Elmore. 


(2) Constancy of the parallel component 


The preceding discussion has shown that ap- 
preciable depolarization effects are to be expected 
whenever the magnetizations of the domains are 
not parallel to the spin of the incident neutrons. 
Depolarization experiments should therefore pro- 
vide information concerning the directional 
properties of single crystal domains. Examples of 
such experiments are as follows: 

(a) Unmagnetized cobalt crystals.—In this case 
the magnetizations are parallel to the hexagonal 
axis—hence no effect on the polarization (cf. 
(5.1b)). However, heat treatment or the appli- 
cation of stress may cause deviations which 
could then be detected by depolarization. 

(b) Magnetized cobalt crystals.—One can test 
for nonparallel domains at all stages of the 
magnetization curve. One would have to take 
into account the depolarizing effects arising from 
the external field; this should not be difficult in 
view of the extremely small value of this field. 

(c) Unmagnetized iron crystals.—In an ordi- 
nary single crystal of iron the preferred directions 
of magnetization are the three cubic axes. A 
neutron beam should suffer depolarization on 
passing through such a medium regardless of the 
direction of its original polarization. However, it 
may be possible, by the application of stress 
along one of the preferred directions, to align the 
magnetization of all domains parallel and anti- 
parallel to this direction. In that case, one could, 
as before, arrange an experiment in which no 
depolarization took place. 

(d) Demagnetization of iron.—Although a crys- 
tal without previous magnetic treatment may 
have domains whose magnetizations are oriented 
along all of the three preferred axes, the demag- 
netization of a sample, magnetically saturated 
parallel to any one of them, might occur unidirec- 
tionally, i.e. the total magnetic moment would be 
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cut down by the formation of domains whose 
magnetizations point in the opposite direction. 
This hypothesis could be tested by a depolariza- 
tion experiment. If such an arrangement of the 
domains actually exists, one could investigate its 
stability towards heat treatment and the appli- 
cation of small stresses. 


VI. APPLICATIONS OF DEPOLARIZATION OF NEU- 
TRONS TO THE STUDY OF DOMAIN STRUC- 
TURE OF POLYCRYSTALLINE MEDIA 


Formulae describing the depolarization of 
neutrons in polycrystals are contained in III (2); 
one has only to investigate how far the as- 
sumptions underlying that treatment are fulfilled 
in this case. 


(1) Randomness of domains 


The first theory, discussed at the end of IV (2), 
states that the domain size is independent of the 
crystalline structure; the direction of magneti- 
zation of these domains must then be assumed to 
be random." As far as the second theory is con- 
cerned, the domains in different crystals certainly 
have no correlation with each other, because of 
the arbitrariness of orientation of crystal axes in a 
polycrystal. For domains contained in the same 
crystal, the discussion of V has shown that there 
exist domain arrangements of magnetizations 
parallel and anti-parallel to a fixed axis in the 
case of cobalt, which has only one easy axis, but 
not in the case of iron, which has three. The 
general effect of such arrangements is to cut 
down the depolarization. The correction to the 
formulae arising from these considerations will be 
presented at the end of this section; for the 
present, it will be assumed that the magnetiza- 
tions are randomly oriented. 


(2) Constancy of the field B; over the ith domain 


This assumption is open to two objections: 
(a) The magnetization of the domains in polycrystalline 
media may not be constant throughout the domain, but 


% One might think that the domains would tend to line 
themselves up in such a way as to avoid as much as 
— the creation of magnetization charge; this can, 

owever, be produced merely by having the normal 
component vary continuously across a boundary, the 
tangential component being free to change by any value. 
Such an arrangement would not be random in the sense 
of III (2), but its effect on the depolarization would be 
the same to within a numerical factor of the order unity, 


of III (3), case (1). 
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may vary gradually so as to give a continuous transition 
between different domains. In single crystals the domains 
are lined up parallel to the easy axes; the transition region 
between any two domains, in which the magnetization 
rotates from one preferred direction to another, has been 
estimated theoretically" to be ~10-® cm, which is com- 
patible with the observations of Elmore. The application of 
these ideas to polycrystalline media is, however, not 
advisable, due to the presence of elastic inhomogeneities 
and internal magnetic fields, both of which may appreciably 
alter the direction of magnetization so as to result in a 
broader transition region. 

(b) Even if the magnetization were constant over a 
demain, the same could not be said for the induction since 
this quantity is not proportional to the magnetization ; one 
must add to the 47M term the field arising from the exist- 
ence of magnetic polesat the boundaries of domains. In gen- 
eral, this field is not parallel to the magnetization; in fact, 
the well-known boundary conditions for the fields—normal 
component of B tangential component of H continuous— 
preclude this relationship except under most artificial 
conditions. 

These objections indicate that a treatment more suitable 
than III(2), would be one which provided for a continuous 
variation of the field along a neutron path. However, the 
authors are of the opinion that this refinement is unneces- 
sary, for the following reasons: 

(a) The main characteristic of the motions considered in 
III is that the time in which the magnetic field changes 
appreciably is not larger than the Larmor period of the 
neutron spin, i.e., from the quantum-mechanical point of 
view, the motion is non-adiabatic. Now, in the present 
case, even though the transitions between the different 
magnetic fields may be continuous, i.e., thgy may require 
times of the order 7;, the variation is sufficiently rapid for 
the motion to be classed as non-adiabatic. This feature is 
immediately apparent when one recalls that the spin of a 
thermal neutron precesses, on the average, about 1 to 2 
radians in a region of 10-* cm. Since the linear dimensions 
of the largest domains do not exceed this quantity, the 
transition from one field to the other will a fortiori take 
place in a small fraction of a complete precession. Thus, the 
non-adiabatic character of the motion is preserved. 

(b) In view of these considerations, the treatment of 
III (2), should give results of the correct order of mag- 
nitude, the only effect of the variation of B,; in the time 
interval being a change in the numerical factors of the 
exponents of the depolarization formulae (8.1a) (8.1b) of 
the order of magnitude. However, one would not want any 
greater accuracy since the size of the domains may be 
expected to vary over a correspondingly wide range."® 


The assumptions underlying III (2), can then 
be taken as essentially valid; the existence of 
magnetic charge will be approximated by 


4, Landau and E. Lifshitz, Physik. Zeits. d. Sowjet- 
union 8, 153 (1935). o 

4% A more accurate treatment would be necessary if one 
were to investigate, say, the distribution of domain sizes; 
such problems are not contemplated in the present paper. 
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the insertion of a demagnetizing factor, i.e., 
By2(4r—y)M where y~(4, 3). Inserting this 
relation into (3.4a) and (3.4b), one obtains: 


(a) For (4r—y)Mgr/2<1, 
s;/so=expL—}3(4a—y)*(gM/v)*db].  (6.1a) 

(b) For (4r—y)Mgr/2=1, 
$;/Sso=e—@®, (6.1b) 


These formulae will now be applied to distinguish 
between the two theories discussed in IV (2). 

(1) Domain size ~ 10~*—10~* cm* independent 
of crystal structure.—(4a — y)Mgr/2 has an upper 
limit of 2. The depolarization is then given by 
(6.1b) for all materials investigated by Bozorth 
and Dillinger,!® in particular for all types of iron. 
With 6~10-* cm a sample of thickness 5X 10™* 
cm suffices to depolarize the beam completely. 

(2) Domain size of the order or smaller than the 
size of the crystal grains.—In this case the depolar- 
ization should depend quite strongly on the 
previous treatment of the specimen. If the 
crystal grains have linear dimensions <3X10~ 
cm, (44— y)Mgr/2 has an upper limit of 0.25 and 
the depolarization is then given by (6.la). It 
can then be seen that, even if the domains are 
assumed to be identical with the crystal, a 
sample the linear size of whose grains is ~ 10~* cm 
would give a depolarization effect of an altogether 
smaller order of magnitude from that of (1). In 
fact: 


sLe(4a—y) M/v dé =3(1.7 X 10°)? X 10~d = 10°d, 


and, hence, the polarization of a beam passing 
through a sample 5X 10-* cm should be cut down 
by a factor not smaller than e~!~60 percent. 
The difference in depolarization predicted by 
the two theories should be especially noticeable 
for thin films whose thickness is of the order of 
6u. The first theory then predicts that the linear 
dimensions of the domains should be of the same 
order of magnitude as the thickness of the film. 
One can then obtain results of the correct order of 
magnitude by employing (6.1a) for both theories. 
The first, predicting domain sizes of the order of 
magnitude of the film thicknesses, gives a 
depolarization effect s,s» =e—!=70 percent. Ac- 
cording to the second theory, for which the 
domains are not larger than the crystals (in this 
case <10~° cm), no effect should be observed. 
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Before (6.1a) and (6.1b) can be employed to establish the 
application of depolarization experiments to more general 
problems of polycrystalline domain structure, the possi- 
bility of ordered arrangements of the domains within one 
crystal grain must be investigated in some detail. This will 
now be done for the cases of iron, nickel, and cobalt. 

(1) Iron and nickel: In crystal grains composed of these 
substances, the magnetization may be oriented along any 
one of several directions ((1, 0, 0) directions for iron, 
(1, 1, 1) for nickel). The only arrangement which can cut 
down the depolarization effect is one of alternately parallel 
and antiparallel domains (see next paragraph). From the 
energetic standpoint, however, there is no reason why this 
arrangement is to be preferred. Hence magnetizations along 
all “easy axes’’ may be present. The passage of a polarized 
neutron beam in a region where the directions of the domain 
magnetizations change by 90° (iron) or by 63° (nickel) 
gives rise to strong depolarization effects which are, if 
anything, somewhat underestimated by the assumption of 
randomness of direction, and thus tend to compensate the 
reduction due to the presence of parallel-antiparallel 
arrangements. As far as order of magnitude estimates are 
concerned, therefore, the existence of ordered domain 
structures within crystal grains should not affect the 
validity of (6.1a), (6.1b) for iron and nickel. 

(2) Cobalt: Here, the existence of only one preferred axis 
should cause appreciable cancellation of the rotation of the 
neutron spin in separate domains. The problem has been 
treated for two types of arrangements: plate-like and 
cylindrical domains, (case of g(4%—7)M6/(2v)<1). The 
results are: 

(a) For domains in the form of plates 


sy/so=exp(— j (4a Mg)*di/v*), 6.2a 


where 6 now represents the average thickness of the plates. 
(b) For domains in the form of cylinders: 


Sf ‘so=exp(— }(4a Mg v)*6d[ 5/5y)log25o/6 }), 6.2b 


where 6 is the average thickness of the cylinders and é» the 
average linear dimension of the crystal grains. 

The resemblance of (6.2a) to (6.1a) is quite satisfactory, 
the only difference apart from numerical factors being that 
the 6 of (6.1b) is the domain length averaged over its 
shape, whereas for (6.2a) it is its shortest length. The 
form of (6.2b) does differ somewhat from these two except 
in the case 6~60; it may be mentioned in passing, however, 
that the theoretical treatment of single crystal domains by 
Landau and Lifshitz" indicates that the cylindrical arrange- 
ments require more energy than the plate-like and hence 
should not occur. 


Equations (6.1a, b) (6.2a, b) establish the con- 
nection between depolarization experiments and 
domain size. Such experiments, then, should yield 
important information on the general problem of 
domain structure in polycrystals, e.g., its depend- 
ence on grain size, internal strain, chemical 
composition (presence of impurities) and previ- 
ous magnetic history. 
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VII. DEPOLARIZATION OF NEUTRONS IN POLY- 
CRYSTALLINE MEDIA NEAR SATURATION 


The magnetic domains whose nature has been 
discussed in the three preceding sections are 
characteristic of ferromagnets in small external 
fields +10 gauss. When this field is increased to a 
value = 200 gauss, these domains are wiped out. 
As was stated at the beginning of VI (1), the 
anisotropy experiments show that, under such 
conditions, the main, if not the sole, process 
governing the variation of magnetization in 
single crystals is the rotation of the magnetic 
vector (towards the direction of the external 
field). The angle between the two is determined 
by equating the torque exerted by the crystalline 
field to that arising from the action of the 
magnetic field; this equation has the form: 
T(0, ¢)=MXH, where T(6, ¢) is a vector 
function of the polar coordinates, @ and ¢ of the 
magnetic vector with respect to the crystal 
axes.!° 

The application of these ideas to the behavior 
of polycrystalline samples in high fields leads to 
the following picture. Each crystal grain pos- 
sesses a magnetization whose magnitude is equal 
to the saturation value; the direction of this 
magnetization deviates somewhat from that of 
the external field. If the specimen has not been 
subjected to special mechanical treatment, e.g., 
plastic deformation, the axes of the microcrystals 
will be oriented at random; it then follows that 
the deviations of the magnetizations of the 
separate crystals are also random. The macro- 
scopic magnetization is given by the average of 
the component of the magnetization parallel to 
the external field. 

This model is readily seen to correspond to 
that of III (3), asin VI, the assumption that the 
random field B; is constant in time 7; is not true 
in the actual physical case; however, again, the 
variation of the size of crystals in a single speci- 
men and the consequent uncertainty in the 
depolarization formulae renders any attempts to 
obtain better accuracy quite purposeless. The 
field will hence be considered constant, its rela- 
tionship to the magnetization will be described, 








% When strains are present, the energy is dependent 
upon the direction of the magnetization with respect to 
axes defined by the strain. The net effect is merely to 
set up new crystal axes with new anisotropy constants. 
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as in VI, by a demagnetizing factor. Thus 
B; = (44 —y)6M;=(8/3)76M,, 


where 6M, is the vector deviation of the magnetic 
vector of the ith crystal from the macroscopic 
magnetization. The dependence of the depolari- 
zation formulae (3.6a) and (3.6b) on B; is given 
in terms of its average square, 


(Bi?) w2 (8m /3)?((6M;)*) a. 


Now (8M,) = where M, is the satura- 
tion value of the magnetization and Mi; the 
component parallel to the macroscopic mag- 
netization, Mo. Then 


((6M;)?), = M,?— M?°22. MAM, 


where AM=M,—Mp, is the deviation of the 
macroscopic magnetization from its saturation 
value. By of course, is given by the familiar 


relation By =4rM,)+H. Thus, from (3.6a, b) 
s;/so=exp[ — (84/3)*MoAM6d/0*], 


if 2rgMyd/v<1; (7.1a) 
Sy; so=exp[ — (4 3)(AM M,)d 6 |, 
if 2rgMy6/y>1, (7.1b) 


where 6 is the average linear dimension of the 
crystal grains. The value of 6 at which (7.1a) 
goes into (7.1b) is given by 


6=v/(2re My) 21.5 X10°/2X 10-8 


~7X10-*cm. (7.2) 


The applicability of these formulae rests on 
the assumption that the magnetic inhomogeneities 
arise solely from the angular deviation of the 
crystal magnetizations from the macroscopic 
magnetization. Now it is conceivable, although 
highly unlikely, that even at high fields there 
persist regions whose magnetizations are oriented 
at random, i.e., Barkhausen domains which have 
not yet flipped over. The contribution of such 
regions to the observed difference between the 
macroscopic and saturation magnetization has 
been shown to be negligible. The presence of 
these domains, therefore, cannot change the 
depolarization unless they exert an effect dispro- 
portionately large compared to their influence on 


the magnetization. 
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The disproof of the existence of such an effect 
follows readily from Eq. (3.7) of IIT (4). This 
equation represents the depolarization due to a 
medium consisting of randomly oriented domains 
in the presence of an external field. In the present 
case these random domains occupy only a 
fraction of the total volume of the specimen ; this 
fraction is given by 7» =AM,/.M, where A.V, is the 
deviation from saturation due to the presence of 
these domains. Thus the quantity d in the 
exponent of (3.7) must be replaced by 


nd = (AM,/M,)d=2(AM,/ My)do. 


Furthermore, 
B,=(4r—y)M;~(8/3)eM;; |M;| ~M.2M). 
Therefore : 

s;/so2exp[ — 4g2(8x/3)?.MyAMdi/v? }. 


The exponent of this equation, apart from 
numerical constants of the order unity, has the 
same functional form as that of (7.1a). Hence, for 
a given AM the two cases can differ only in the 
values of 6 the domain, or crystal, size. Now, in 
most of the practical cases, the crystal sizes are 
not far from the borderline between (7.1a) and 
(7.1b) as given by (7.2). Therefore, whatever the 
size of the domains, their effect per unit A. is, 
at most, of the same order as that of the crystal 
grains. The depolarization due to unoriented 
domains is, hence, important only if the corre- 
sponding A.V is an appreciable fraction of the 
total A, a hypothesis which cannot be admitted. 

Finally, it should be mentioned that, in ma- 
terials possessing an average magnetic moment 
different from zero, there will be a polarization 
effect which will either add to, or subtract from, 
the depolarization. The polarization will be 
discussed fully in the next section ; at this point it 
is sufficient to point out that, both from theo- 
retical estimates, and from the experiments, no 
appreciable modification of (7.1a), (7.1b) need be 
feared. 

The order of magnitude of the depolarization 
effect in high fields will now be estimated. If the 
crystals have linear dimensions not less than 
10 cm, gBor/2>1 and (7.1b) is to be employed. 
For the usual samples of soft iron, 6 ranges from 
10-* to 10°? cm. In order, then, for a reduction of 
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the polarization to 1 ‘e of the initial value in 1 cm 
of material to take place, the relative deviation 
from saturation, A\/ My, need only be 0.1 
percent to 1 percent. 

In conclusion, (7.1a) and (7.1b) can be used to 
investigate the properties of ferromagnets neat 
saturation. One determines the depolarization as 
a function of the macroscopic magnetization. 
The ratio of log(s;,/s9) to AM should be a constant 
=(4/3)(d/5)(1/Mo) or 4g2(8%/3)?Modé from 
which one can obtain an estimate of 6 to be 
compared to the observed grain size. If these 
predictions are not fulfilled, it will be necessary to 
revise the concepts which have been advanced to 
explain the magnetic behavior of ferromagnets in 
saturation fields. 


VIII. TRANSMISSION OF NEUTRONS IN SATU- 
RATED POLYCRYSTALLINE MEDIA 


The transmission of neutrons has been treated 
heretofore as a purely atomic problem. One first 
calculated the atomic scattering cross section for 
beams in the different spin states. To find the 
effect of a differential layer of material on the 
transmitted beam, one multiplied this quantity 
by the number of atoms in the layer and sub- 
tracted the resultant total scattering intensity 
from the incident intensity. The results of these 
calculations expressed in differential form are: 


d/dx(I/v) 
do dx=—d0o+wl 2, (8.1b) 


II 


— JI v+we, 8.1la) 


where J is the current density, ¢ the spin density, 
v the velocity of the neutrons, A the sum of the 
absorptions due to capture and total scattering, 
both magnetic and nuclear, and w a constant 
depending on the details of the atomic scattering 
process and the direction of the beam with 
respect to the magnetic field.’ 

Now, it has been shown in the previous section 
that depolarization effects can be avoided only in 
the case of extreme saturation; if this situation 
does not obtain, the polarization resulting from 
the scattering process will be cut down. From the 
standpoint of the treatments heretofore given, 
this feature can be taken into account by the 
insertion into the second equation of a term 
proportional to the polarization, the coefficient 


7 J. S. Schwinger, Phys. Rev. 51, 544 (1937). 
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of proportionality being determined by the rate 
of depolarization as given by (7.1). It is the 
opinion of the present authors, however, that the 
transmission formulae are inadequate in other 
respects, and that it is necessary to reinvestigate 
the whole problem in detail. 

When one is dealing with a case of coherent 
scattering the fundamental unit is not the atom 
but the microcrystal. The procedure of multi- 
plying the atomic cross section by the density of 
atoms to obtain the absorption of the trans- 
mitted beam is correct for gases, liquids, and 
amorphous solids; for crystalline substances the 
method is applicable only in the case of wave- 
length small compared to the separation of the 
atoms. Now, in order to obtain appreciable 
magnetic scattering, it is necessary that the 
wave-length of the neutron be /arge compared to 
atomic radii; otherwise, the interference of the 
scattered waves arising from different parts of 
the atom cuts down the amplitude of the 
magnetic scattering. Since the separation of the 
atoms is of the same order as their linear dimen- 
sions, it is clear that crystal structure plays an 
important role in the polarization process. The 
method of adding over atomic cross sections must 
therefore be renounced.'® The remainder of this 
section is devoted to a derivation of the trans- 
mission formulae from the standpoint of scatter- 
ing in crystalline media. An important result of 
the calculations will be the confirmation of (21); 
the numerical values of \ and w, however, will 
obviously be different from those given in 
previous treatments. 

Before any calculations are performed, the 
meaning of the term microcrystal must be 








Vi=Ddo¢ Ver exp(ig:r); 


AND T. 


£= 8121+ 822+ Ess; 


HOLSTEIN 


known that 
perfect are 


clarified. From x-ray studies it is 
crystals which are macroscopically 
usually composites of much smaller units, whose 
linear dimensions are of the order 10-5 cm. These 
sub-units have significance only with respect to 
wave-mechanical properties; in all other respects 
the crystal acts as a single entity. Indeed, such a 
system can conceivably be formed of units whose 
crystal axes are all oriented in the same direction 
but whose relative positions are variable over a 
distance of the order of the lattice spacing. The 
medium is then homogeneous from the standpoint 
of elastic and magnetic properties, but waves 
(x-rays, neutrons, electrons, etc.) emanating 
from the different sub-units do not superpose 
coherently. In order to obtain the intensity of 
scattering due to the whole crystal, one must 
square the amplitude of each of these waves, and 
sum the resultant intensities. In the calculations 
which follow, the term single crystal denotes a 
unit of polycrystalline material which is elastically 
each of 
will be 


homogeneous, whereas its sub-units, 
which scatter as a coherent whole, 
designated as microcrystals. 

The Schrédinger equation for the system, 
microcrystal plus neutron, is 


— (h?/2M,)V?¥+ VY=Ey, 


where J/, denotes the mass of the neutron and V 
the interaction between the neutron and macro- 
crystal; this interaction is the sum of the po- 
tentials of the constituent atoms. Now, the unit 
cell of an iron crystal, which has a body-centered 
structure, can be regarded as a superposition of 
two simple cubic cells. The potential of one of 
these is 


n; integral, 


where the g’s are reciprocal lattice wave vectors. The potential of the two cells is then 


V= Qe (Ver exp(ig-t) + Ver exp(tg: [f+2a1+3a2+345})), 


4a,+4a.+4a; being the coordinate of the origin of one of the cubic systems with respect to the 
origin of the other, expressed in terms of the lattice vectors a;. It is convenient to define a new 
quantity V, such that V=)>), V, exp(ig-r); Vg= Vgi(1+exp[ dig: (ai+a2+as) |). Now gi:ai:=27m. 
Therefore V,=2Vg¢r if m1-+m2+n3 is even, zero if this sum is odd. V,; of course, is calculated from 


V(r) by means of the inverse Fourier integral 


18 Halpern, Hamermesh and Johnson, Phys. Rev. 55, 1125A (1939). 








w 
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Ver=(1 a’) { I(r) exp(—ig-r)dro 


where 79 is the volume of the unit cell. 

V(r), itself, is the sum of the nuclear and magnetic potentials arising from the atoms of a con- 
stituent simple cubic cell: 

V = Vauet Vag 

For Vauc one takes a fictitious form which gives the same scattering for an individual nucleus and 
which is suitable for the application of the Born approximation. Vimag represents the interaction 
of the neutron magnetic moment with the field set up by the electronic currents, i.e., Vinag=u,0°B, 
where u, is the magnetic moment of the neutron, o the Pauli spin operator’? and B the magnetic 


field of the electrons. 
One can now proceed to calculate the scattering of a microcrystal by the well-known Born method. 


Let 
Y=exp(iKo-r)x+y1, 
where x is a two-component column matrix on which the neutron spin operator acts.?° Then 
(V?+K?*)¥i=(2M,/h*)Vpo; K*=2M,E/h’, 
the solution of which is: 


¥i(R) =(M,, 2rht) { Cexp(iK|R—r| )/|R—r| ]V(r)po(r)dr, 


which, for R large compared to the linear dimensions of the microcrystal, becomes: 
¥i(R)=(M,/2rh*) >. Vex(e®*/R) [ exp[i(Ko+g—K)-r dr, 


where Ky and K are the propagation vectors of the incident and scattered waves, respectively. 
The integration gives: 


M, _ eKR 71 —exp[i(Koz+g.—K;z)l]\ /1—exp[i(Koy+g,—K,)/] 
¥i(R) =—— De Vex—{ — -)( one ae ) 
h? (Koy +g,—K,) 


T R 1(Koz+g:—K:,) 
1—exp[i(Ko.+g:—K,)l] 
1(Ko.+g:—K;) 


where /* is the volume of a microcrystal, assumed, for the sake of simplicity, to be a cube. 
The corresponding scattered current per unit area of a sphere of radius R is:*! 


s=vyp*y 
2M,,? x* | = ee) (- ae) (- —cosl(Ko.+¢: -=") 
7 (Koz+2g:—K;)’ (Koz +g:—K;)’ (Ko: +¢:—K;)* 


wht . R? 


19 It is assumed that the spin of the neutron is }. 


20 In the calculation of the scattered intensity the zeroth Fourier coefficient of the potential is neglected. Ordinarily this 
feature is trivial since the resultant change in zeroth-order energy is negligible compared to the kinetic energy of the 
neutron. In this case, however, a certain complication arises due to the fact that the coefficient has opposite signs for the 
two spin states, i.e., the ‘“‘indices of refraction’’ of waves in these states are different. A numerical calculation indicates that 
the phase difference between the waves becomes appreciable when a distance of the order 10-* cm has been traversed. If 
the single crystal were composed of one microcrystal, this difference would actually have to be taken into account; since it 
is assumed that the scattering units have linear dimensions of the order 10-5 cm, the zero Fourier coefficient can forthwith 


be neglected. 
*t The different Laue spots are assumed not to overlap, in which case the cross terms (g #g’) drop out of the expression 


for the scattered current. 
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For variations of Ko, and K, of the order of g, the quantity (1—cosK/)/K? resembles a 6 function 
in that it has appreciable values only for K =0. Since 

+2 
f dK(1—cosKl)/K*?=rnl, 


—2 


the scattered current becomes 
s=(297M,°P/h*) Ye [(x*| Vel *x)/R?]6(Ko+g—K), 


where the 6 function is three dimensional. 
To find the total scattered current, one integrates over a sphere of radius R: 


S=v [irl = (eM Pe BM) >. (x*l V. x) [ f(6(Ko+e-K) R? |(R/z)dxdy, 
where (R/z)dxdy gives the expression for a surface element in Cartesian coordinates. Taking the 
z axis along the direction of Ky+g one obtains 


S=(24M,2lv/h*) De (x* 


Vel f fica R®)8(Kx/R)6(Ky/R)6(Kz/R—|Ky+g|)(R/z)dxdy, 


where K,=Kx/R, etc.; since 6(ax) = 6(x)/a the result of the integration is: 
S= (27 M,2l’v/h'K*) Ye (x*!| Ve! 2x) 6(| Ko+¢! —K). 


One now takes cognizance of the mosaic structure of the crystal by adding the integrated in- 
tensities originating from the component microcrystals. Since the crystal axes of these smaller 
units are assumed to cluster around the value indicated by the macroscopic properties of the system, 


all of the contributions have the same form. Thus 
s=>> S=SL'/P=(24M,?L*0/h'K?) Ye (x*| Ve! *x)6(| Ko+g| —K), 


L’ being the volume of a single crystal. Apparently the same formula is obtained if the single crystal 
is treated as perfect instead of mosaic; the difference, however, is contained in the 6 function, whose 
value and width are still proportional to / and 1/1, respectively. 

One has now to average over all orientations of the single crystal, i.e., over the direction of the 
vector g. For this purpose the explicit dependence of V, on g must be determined. The potential 
V(r) of one of the two component simple cubic structures of the system is given by the relation 


>; aa*6(r—r;)—y,0-B, (8.2) 
where a is the lattice spacing, a a constant given in terms of the nuclear cross section, and where 
the summation runs over all atoms contained in a simple cubic lattice. Here, as pointed out at 
the beginning of this treatment, use has been made of the trick of replacing the actual nuclear 
potential by a fictitious potential suitable for the application of the Born perturbation method. 
B is the magnetic field due to the atomic magnets; it is determined by the equations 

divB=0; curlB=47n curlM. 
Expressed in terms of Fourier components, these equations read™ 
g:‘B,=0; gXB,=47gXM,. 
Taking the cross product of the second equation with g/g? one obtains: 
B,= — (4r/g*)g X (g X Mg). 


% The Fourier coefficients of V and B due to a simple cubic structure are written as Vg and Bg instead of Vg; and 
B,; as at the beginning of the section. 





On 
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A superposition of the Fourier components of two cubic systems as described at the beginning 
of this section gives: 


Ve total = 2(a—p,o0° Bg); or V. total = U 


depending on whether the sum of the components of g in the reciprocal lattice system, 7)+ "2+, 
is even or odd. One then has: 


s=(8rM,°L*v/h'K*) >. 6(| Ko+g| —K)x*[ | a) *+u,"%0-B,*e-B,—u,0-B,*a—p,0*o-B, |x. 


If each atom is taken to be the center of a unit cubic cell, the quantity 


M, = (1 «){ f f M(r) exp(—7K-r)dxodyodzo [with dxod yodsy=d ro | 


is real by asymmetry; hence B, is real. Thus 
s=(8"M,°L*v/h'K*) ¥~ 6(| Ko+g¢| —K)x*[| a|*+u,2e-B,o-B,—2yu,,0-Byar jx, 


where ap is the real part of a. The second term can be simplified further by use of the property of 
the Pauli matrices: 


(ao -A)(o-c)=A-c+ie-AXc, 
where A and ¢ are any two vectors.” Substituting, also, for B, in terms of M, one has: 
s=(8rM,7L*0/h'K*) Ye 6(| Ko+g| —K)x*[ a! *+(82/g")uno: |\gX(gX Mg) jar 
— (167?/g*)u,?M,: |gX(gXM,)} }x. (8.3) 


From this equation it is apparent that the average of s over the direction of g is given in terms 
of averages of the quantities 


5({Kutg!—K) and (1/g*)[gX(gxX) ]6(|Ko+g! —K)=—(1—gg/g*)6(|Ko+g! —K), 
now 


(a) (6(|Ko+g! —K)),=2K(6(K?—(Ko+g)?))« =2K(6(g?+2K-g) wy 


-K{ 5(g°+2Keg cosé) sinéd@=1/2¢g ifg<2K=Ky; 0if g>2K, 


(b) <((gg/g*)6(| Ko+g| —K))y=(2K in) { f [ (i cosd siné+j sing siné+k cos@) (i cos@ sin#é 
0 0 
+j sing siné+k cos@)6(g?+2Kog cos@) sinédéd ¢, 


where @ and ¢ are the polar coordinates of g with respect to a Cartesian system whose 2 axis is 
parallel to Ko and where i, j, and k are orthogonal unit vectors, such that k=Ko/K; 


((gg/g*)6(| Ko+g| —K))w=(1 22) f [4 (ii+jj) sin°?¢+kk cos?@ ]6(g/2Ky+cos@) sinédé 
0 


= (1/2g) {4 (ii+jj)(1—g?/4K*) +kkg*?/4K?} = (1/4g)[(1 —g?/4K*) + kk((3g?/4K*) —1) ], 
(c) ({gX&(gX)]6(| Ko+g| —K)/g?)w= —((1—gg/g?)6(| Ko+g| —K))a 
= —(1/4g)[(1+g?/4K*) +kk(1 —3g?/4K?*) = —(1/4g)[(14+g¢2/4K2) + (KoKo/K?)(1—3g?/4K°) ]. 


2 P, A. M. Dirac, Quantum Mechanics (Oxford University Press, 1930) first edition, page 248, Eq. (25). 
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The average of s is, hence, 

s=(49M,?L*v/h'K?) Yoo<ox (1/g)x*L|a|*—2apne- {(1+g¢2/4K2)+(KoKy/K?2)(1—3g?/4K?) } 
*Mgar+4n7u,?Mg: | (1+¢7/4K*) + (KoKo/K?)(1—3g?/4K*)}-M,]x. (8.4) 

Here the first term in the square brackets represents the nuclear scattering, the third the magnetic 

scattering, and the second the interference resulting from the superposition of nuclear and magnetic 

scattered amplitudes. It is this interference which leads to a polarization of neutrons; one can see 

that the sign of the second term and, consequently, the magnitude of the total scattering is different 


for the different spin states. 
The average weakening of the beam is given by the ratio of the scattered current s, given by 


(8.4), to the incident current J=vL?. Thus 
A =5/IT=Lyx*[ kn tkmt+kio:z lx, 


where 
kn = (49M,?/h'K*) Dog<ox|a|?/g, 
Km = (49M,?/h'K?) Sog<ox (4mpn?/g)M,? {1+¢?/4K?+ (Ko-Ko-/K*)(1—3g?/4K°) }, (8.5b) 
Ki= — (40 M,?/h'K*) Sogcox (2a n/g) | Me| ar {1+g?/4K?+ (Ko.Ko:/K?)(1—3g7/4K*)}, (8.5c) 


(8.5a) 


the magnetic vector being directed along the z axis. It will be noticed that terms in A proportional 
to o,, ¢, have been dropped; the lack of influence of such terms is due to the precession of the 
spin about the direction of the magnetic field; the rapidity of this precession obliterates any pos- 
sible effect of polarization in directions other than that defined by the field. 


For the state x; 
A=L[ kntkmtx; |; 


for the state x_, 
A=L[ kn tkm— ki]. 
Let ft now be supposed that, at a depth x, the intensities of x; and x_; are, respectively, 7; and J_,. 
Then 
AT=A(1,+1-4) = Li (X +L) —1(X) J+ a(X +L) -L(X)] 

= —L[(kn+ km) (Ly +I 4) — «i(Ty—-I-4) ] 

= LI (kn+km) —Lif, 
where {=Je,. For ¢ itself, one obtains the difference equation 

Ag=(1\(X+L) —1,(X)]-Ca(X+-L) -L4(X)] 
= LE (katkm) —LIki. 


At this point the effects due to true absorption (capture) and incoherent scattering processes 
should be included. This is readily done by adding to the quantity (x,+.«,) the absorption coefficients 
for these processes, x, and x;, respectively. Denoting the sum km+Kk,+«-+x; by the single letter x, 
and replacing x; by the notation —w one has, finally 


Al/L=Ix+we, Agé/L=—f«+wl, 
which, in differential form, read: 
dI/dx = —x«I+w¢, (8.6a) 
d¢/dx= —x¢+wl (8.6b) 
to be compared with (8.1a), (8.1b). 
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In conclusion, the relations (8.5a, b) for the absorption and polarization coefficients will be 

expressed in terms of the nuclear cross section and the macroscopic magnetization. (a) The quantity 

a which symbolized the amplitude of nuclear scattering, can immediately be related to the nuclear 

cross section, ¢; one need only calculate this cross section with the potential V = aa*é(r).** Using 
the Born perturbation method, one obtains: 


a?'=moh'/M,7a°; ar=[(re)'h*®/M,a* ] cosé, 


where 6 is the phase difference between the incident and scattered nuclear wave. Due to the non- 
existence of a resonance level of iron for thermal neutrons, |cosé| is expected to be quite close to 
unity. (b) The quantity, which represents the magnetic scattering, is defined by the integral 
(1/a*) f{M exp(—ig-r)dro where M is the density of atomic magnetization. Remembering that 
this integral goes over only one atom, located in the center of the volume of integration, one obtains 


M, = (1/a*)u.F(g). 


Here, ua is the atomic magnetic moment and F(g) = Sf exp(ig-r)pndro where p» is the distribution, 
normalized to unity, of the atomic magnetization. u, itself can be expressed in terms of the macro- 
scopic magnetization Mo= Nu, where N=2/a* is the number of atoms per cubic centimeter.*® 
Hence M, = M,F(g)/2. (c) Inserting these values for a and M, into (8.5) one obtains 


Kn = (No /4)(A*/a?) > 1<20/r 1/l, (8.7a) 
Km = (My? apn? Mo?/2h*) ¥ 1<2a/,(1/)) LF (1/a) J? {1+ d21?/4a?+ (cos?6) (1 —3d?/4a?) |, (8.7b) 
w=(M,d°Mo cosé(ra)*/(2rh?a*)) ¥ 1<20/,(1/L) F(1/a) {1+ A717? /4a?+ (cos*6) (1 — 371? /4a?*) }, 8.7c) 


where @ is the angle between the magnetization and the direction of the beam, \=27/K is the 
wave-length of the neutrons, and the summation over 1=ga/2z, whose components are integers, 
goes over values of 1 for which /,;+/2.+/; is even. 


IX. TRANSMISSION OF NEUTRONS IN INCOMPLETELY SATURATED POLYCRYSTALLINE 
FERROMAGNETIC MEDIA 


Equations (8.6a) (8.6b) describe the transmission and polarization of neutrons in a medium 
in which the magnetic induction B of Maxwell’s equations, i.e., the average over atomic distances 
of the Lorentzian magnetic field H always points in one direction. For polycrystals, as has been 
seen in Section VII, this condition obtains only when the medium is completely saturated; in all 
other cases, the deviations of the fields of the constituent crystals give rise to depolarization effects 
as given by (7.1a) and (7.1b). These equations have the general form: 


Sfz=So2e ”* 
from which one obtains, for the differential change ‘of the polarization: 
ds,/dx=—ps, 
or, in terms of the variable {=0,J =2s,] 
d¢/dx= — pt. 
To obtain the effect of this depolarization on the transmission of neutrons, one merely inserts the 


24 Cf. (8.2). 


25 The factor 2 comes in because of the body-centered structure. 
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term — pf into (8.6b). The complete transmission equations now read :*6 
dI/dx= —«I+w¢, (9.1a) 
d¢/dx= —x¢—pe+wl. (9.1b) 
These equations can be simplified by the substitution 
[=je*; $=ne* 


to give: 
dj/dx=wn, (9.2a) 


dn/dx = — pnt+wij. (9.2b) 
Since the quantity of interest in the experiments is the relative change in transmitted intensity 
AI/I=Aj/j, one need not refer back to this substitution, but merely treat j and 7 as the particle 
and spin current, respectively. 
Equations (9.2) will first be solved for the important case wx<1, i.c., transmission effect small. 
In this case, one can replace j in (9.2b) by jo, the initial current. Thus 
dn/dx = — pnt+wyo, 
which has the solution 
y= noe ?* + (Wo, Pp) =i pr) (9.3a) 
where po is the initial polarization. Substituting in (9.2a), one obtains: 


J=Jo(1+(w?/p?) (px —1+e-?*)) + (now/p)(1—e-"”). (9.3b) 


Equations (9.2) can also be solved exactly ; the result is 


sinh[ x((p/2)?+w*)!] noe~?* sinh[-x((p/2)?+w?)! ] 
j= ie —_——-+ cosh[ x((p, 2)*ba0))] + . . : (9.4a) 
((2w/p)?+1)} ((p/2w)?+1)} 
sinh[ x((p/2)?+w?)?] sinh[ x«((p/2)?+w?)? ] 
n= neem coshlx(p 2)?+-w?)!]—- : =| + jue ; .  (9.4b) 
((2w/p)?+1)! ((p/2w)*?+1)! 


Two cases are of practical importance: 
(1) wxK1, px~l, ic. pw. 
Here (9.4) reduces directly to (9.3). 
(2) wxK1, prw, ie. pxKl. 
In this case (9.4) reduces to 
J=jol\1+wx?/2} + nowx, 
n= No+jJowx, 
which can also be obtained from (9.3) for px<1 by expansion of the exponentials in these equations. 
Thus (9.4) reduces to (9.3) for wx<1 and all values of p. 
The applications of (9.3) to the different types of transmission experiments will now be discussed. 
(1) Single transmission 
This experiment consists of the measurement of neutron transmission through a ferromagnetic 


magnetized and unmagnetized; the relative difference is called the single transmission effect. The 


6 In what follows, the constant « and w will be treated phenomenologically; their numerical evaluation will appear in 
the following paper by O. Halpern, M. Hamermesh, and M. H. Johnson. 





a) 


a) 
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theoretical estimate of this effect is obtained directly from (31) with the initial condition »=0. Thus 


Aj Jo? (J — jo) jJo= (w- p*) | px - 1 +-@ . : W"X 2)f px), (9.5) 
where 
— (9.6) 


When there is no depolarization f(px) =1 and (Aj jo) =w*x® ‘2 in conformance with previous results. 
In all other cases the maximum transmission effect is reduced by the factor f(px). For small px, 
f(px)21— px/3; for large px, f(px) 22 / px. 

To illustrate the sensitivity of the single transmission effect to the degree of magnetic saturation, 
let it be supposed that the average crystal size is 10~* cm*,*’ i.e., 6= 2X 10-* cm. The corresponding 
value of p is, by (7.1b), ({) X10®AAM/ Mo. If AM /Ay=1 percent and the thickness of the sample 
d=1 cm, pd=20/3 and the transmission effect drops to 30 percent of its maximum value. 

The presence of depolarization is most easily detected experimentally by observations on the 
dependence of the transmission effect upon the thickness of the ferromagnet. In the absence of 
depolarization, this dependence is quadratic (Aj=jyw*x?/2); the depolarization has the effect of 
cutting down the increase with thickness; in the limit px>>1 the dependence is linear. 


(2) Double transmission 


In this experiment one compares the transmission through two ferromagnetic plates magnetized 
in the same direction to that obtained with the magnetizations oppositely directed. Let d; and d» 
be the thickness of the two plates, w; and w, their polarization coefficients, which are equal in 
magnitude but may differ in sign depending on whether the magnetizations are parallel or anti- 
parallel, and ~1, p2 their depolarization coefficients. From (9.2) the current and polarization of the 
beam emerging from the first plate are 


Ji=Joiit+ wW)"d\" 2) f(pids)}, (9.7a) 
n= (WiJo pi) }1—expl — pid, |}. (9.7b) 
Using these values as initial conditions for the second transmission, one obtains: 


Jo= frit lt (werds?/2) f(ped2) | + (mwe2/p2) | 1—expl — pide )} 
or 
aa | wid? aye ; 
je= Joti t+ (we*d2" 2) f( pede) } 1+ H(prdi) | + jolwiws Pips) \1 —expl om pid, i 1 =. Pod» |}. 
? 


~ 


(9.8) 
The double transmission effect is the relative difference in j2 for the two cases w;=wW, and w;= — We. 
Thus: 
Aj/jo= (2w?/pips) {1—exp[ — pidi} [1 —exp[ — pod? J} 
= 2wdidog(pidi)g (pode), 9 9) 


where g(&)=(1—e-*)/é. It should be noticed that only when p=0 does one obtain the maximum 
effect Aj/jo=2w*did2, in conformance with previous estimates; in all other cases the effect is cut 
down by a factor g(pid1)g(ped2), which, for large pd becomes 1/ (pid: pede). 

It can be seen that the depolarization is much more destructive in double transmission, as com- 
pared to single transmission. Using the previous illustration of A//\J)>=1 percent, 6=2X10-* cm, 
one obtains, with dj=d:=1 cm, a reduction by a factor (3,/20)?=0.025. One thus sees that very 
small deviations from magnetic saturation suffice to wipe out any double transmission effects which 
are due to the magnetic scattering in ferromagnets. 





*% This estimate is appropriate to the case of Armco iron, as communicated to the authors by Dr. T. D. Yensen of 
Westinghouse Research Laboratories. 
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X. COMPARISON WITH EXPERIMENTS 


The application of the formulae developed in 
Section IX cannot be carried out immediately, 
essentially for two reasons. The quantity w as 
mentioned before, is here treated phenomeno- 
logically, while it will be evaluated on a strictly 
atomistic basis in the following paper.*® Secon- 
darily, it so happens that experimental papers 
in the field do not contain precise information on 
the deviation from saturation, which determines 
according to, e.g., (7.1), the depolarization con- 
stant p. Still, a few general statements of a 
semi-quantitative nature can be made. 

The earliest experiments?® were mostly carried 
out with a magnetization which probably did 
not exceed 70 percent. It is clear without any 
detailed calculation that the value of / in this 
case becomes so large that no sensible value of w 
could lead to an observable polarization. This is 
-the more true since it will be shown in the 
following investigation*® that even for ideal satu- 
ration the theoretical value of w is rather small. 

A similar objection must be raised against 
later experiments” in which also poor saturation 
AM/M,>10 percent was obtained. One is forced 
to the conclusion that the observations are 
theoretically inexplicable for any reasonable 
value of w. 

The most detailed observations so far reported 
are those by Powers*® who studied single as well 
as double transmission with various 
samples of iron and under various conditions of 
magnetization. His single transmission experi- 
ments made with Armco iron were carried out 
with a deviation from saturation which, accord- 
ing to the author, amounted to approximately 
1.5 percent. According to formulae (9.5), (9.6) 
and (7.1a), and with the experimentally well- 
established value?’ for the crystal size the 
reduction factor due to depolarization should 
have been } or smaller. 

Powers’ double transmission experiments were 
carried out with Swedish iron and a value of 
AM/Mo~8&xX10-. The great sensitivity of 
double transmission experiments to deviations 


effects 


28 Reported in Frisch, von Halban and Koch, Phys. 
Rev. 53, 719 (1938). 

29 Hoffman, Livingston and Bethe, Phys. Rev. 51, 214 
(1937). 

3° P, N. Powers, Phys. Rev. 54, 827 (1938). 
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from saturation (cf. (9.9) and (9.10)) makes it 
hard to understand how under such conditions 
a double transmission should have been ob- 
servable. (9.9), (9.10) and (7.1b) indicate that 
for any reasonable value of the most accurately 
known crystal size in Swedish iron, the observed 
effect should have been a fraction of a percent 
of the value obtainable with complete saturation. 

If the picture of the constitution of ferro- 
magnets and of the neutron’s magnetic moment 
as used in this paper should be maintained, we 
are forced to conclude that the experimental 
data need revision. It may be that the saturation 
achieved in some of the experiments is far better 
than reported, though it is not easy to see how 
the theoretically required value of A.W/AJ)>~10-* 
can be reconciled with the reported value of 
AM/Mo~10-. 

The authors are indebted to Professor E. 
Fermi for the discussion of an_ interesting 
possibility, which, though not actually helpful, 
deserves analysis in this difficult situation. 
Obviously (cf. (7.1b)) the depolarization would 
be diminished if the number of incompletely 
magnetized domains could be diminished or, in 
other words, the size of the domains increased. 
In the present paper the size of each domain 
was identified with the size of the crystallite 
which, in turn, is in certain cases*’ experimentally 
determined. This seemed almost inevitable since 
every crystallite has its own direction of easy 
magnetization which lies nearest to the direction 
of the magnetizing field. 

The new assumption would introduce blocks 
comprising many crystallites with the direction 
of easiest magnetization being determined for 
the whole block by internal stresses. Obviously, 
the existence of such sufficiently large blocks 
would diminish depolarization strongly. 

There exist, on the other hand, difficulties 
which make the assumption of such blocks 
rather impossible. It is not easy to see how the 
existence of such large stresses which overcome 
the crystalline energies, will affect the magnetiza- 
tion only, without influencing appreciably the 
elastic and crystallographic structure. Further- 
more, the saturation curve of polycrystalline 
iron can be semi-quantitatively understood by 
using the magnetization curve for single crystals 
of iron and averaging over all directions of the 
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crystalline axis. This fact seems to indicate that 
“the turning of the magnetization into the 
direction of the field’”’ has to overcome mainly 
crystalline forces. Finally it has been pointed 
out by Becker and Doering™ that stresses 
sufficiently large to overcome the crystal orienta- 
tion energy cannot be realized in iron since they 
would have to exceed the breaking strength of 
the material. 





31R. Becker and W. Doering, Ferromagnetismus (Julius 
Springer, Berlin, 1939), p. 104. 
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It should be emphasized as a guide for future 
experiments that it is not at all necessary to 
use completely polarized neutron beams for the 
investigation of the properties of ferromagnets. 
Polarizations as claimed to be present in the 
various experiments discussed would be amply 
sufficient to allow investigations of ferromagnetic 
structures. 

The authors wish to express their thanks to 
Dr. T. D. Yensen of Westinghouse Research Lab- 
oratories for a very instructive communication. 
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We investigate in this paper phenomena, occurring in 
the passage of neutrons through matter, which originate 
from the crystalline or polycrystalline constitution. While 
the procedure is in many respects closely similar to that 
followed in the theory of x-rays, important and quantita- 
tively decisive differences arise from the complicated 
coherence properties of the atomic scattering. The theo- 
retical formulae developed in the first two paragraphs 
permit us to interpret in a quantitative manner a series of 
experiments which show deviations from the so far almost 
always assumed additivity of nuclear cross sections. We 
also obtain information concerning the relative phases of 
the scattering amplitudes of nuclear isotopes. We next 
show for illustrative purposes how the Larmor precession 
of the spin of the neutron passing through the magnetized 
medium, and the well-known differentiation between the 


INTRODUCTION* 


ONTINUING earlier investigations! on the 
transmission of neutrons through macro- 
scopic bodies, and in particular on macroscopic 
and microscopic magnetic effects, we present in 
this paper a discussion of the influence of crystal 
structure on scattering and polarization of neu- 


*A preliminary report of this work appeared in the 
abstract: Halpern, Hamermesh and Johnson, Phys. Rev. 
55, 1125A (1939). 

1]. O. Halpern and M. H. Johnson, Phys. Rev. 51, 992 
(1937); Il. zbid. 52, 52 (1937); IIL. tbid. 55, 898 (1939); 
IV. Halpern and Holstein, zbid. 55, 601 (1939); V. ibid. 
59, 960 (1941) (this issue). These are referred to through- 
out the paper by the corresponding Roman numerals. 


action of the vectors ‘‘B”’ and “HZ” can be explained as a 
simple dispersion phenomenon. The preceding formulae 
permit us to determine quantitatively the transmission 
and polarization of neutron beams passing through ferro- 
magnetic bodies. The main uncertainties which enter into 
attempts to evaluate experiments, arise from our incom- 
plete knowledge of the velocity distribution of the incident 
beam and of the form factor which enters into the formulae 
for magnetic scattering. We present a detailed discussion 
of these uncertainties. Even neglecting depolarization 
effects which are due to incomplete saturation and which 
would still further diminish the theoretical value for 
transmission effects, we find that the observed values are 
considerably higher than those theoretically predicted and 
are not in good agreement with each other. 


trons. It has been the accustomed procedure to 
consider the nuclear cross section for the scatter- 
ing of slow neutrons as a strictly additive prop- 
erty independent of the physical state or the 
chemical constitution of the sample investigated. 
On this basis the total cross section of a chemical 
compound could, for example, be determined 
from a knowledge of the cross sections of the 
constituent elements. 

Such a procedure is valid only if we are dealing 
with a substance of strictly amorphous structure 
(a gas). In all other cases the crystalline structure 
of the material becomes significant; it will turn 
out to be of importance even for substances 
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composed of small microcrystals, and to change 
completely the scattering results for macroscopic 
crystals. The theory leading to these results is in 
its essentials the same as that for x-ray scattering, 
but shows great quantitative differences due to 
peculiarities which are characteristic of the inter- 
action between neutron and atoms. 

In discussing any crystal phenomenon it is 
essential to separate the coherent and incoherent 
scattering processes which have previously been 
found to play so great a part in the theory of 
x-ray scattering; but while the theory of x-ray 
scattering by a single chemical element had to 
take into account only those incoherent processes 
which are produced by inelastic collision of the 
incident particles with the lattice vibrations 
(strictly inelastic scattering), we have in the 
case of neutrons two more causes for incoherent 
processes. These are: first, the existence of spin 
dependent forces between the neutron and the 
atom, which may be of a nuclear or magnetic 
type; and secondly, the disorder in the lattice 
caused by the random distribution of the iso- 
topes, which in general will produce scattered 
neutron waves, whose amplitude and phase will 
show no correlation for the various isotopes. 

The second part of the paper is concerned with 
the quantitative evaluation of polarization ex- 
periments. We have previously” pointed out that 
the existing’ theories of polarization effects, 
which fail to take into account the crystalline 
structure as well as the various types of scatter- 
ing, have no direct field of application, and that 
it is also necessary to calculate in detail the 
effect of incomplete ferromagnetic saturation on 
the intensity of the scattered and transmitted 
beam. We find that the previous estimates of 
polarization effects are of a higher order of magni- 
tude than those obtained by the rigorous theory. 
These calculations of course have to be used 
together with the results of IV and V on mag- 
netic depolarization. 

Among previous investigations of the passage 
of neutrons through crystals, papers by Wick‘ 
and Pomeranchuk® may be mentioned. Pointing 


2 Cf. V. 

3F. Bloch, Phys. Rev. 50, 259 (1936); J. Schwinger, 
Phys. Rev. 51, 544 (1937). 

4G. C. Wick, Physik. Zeits. 38, 403, 689 (1937). 

5]. Pomeranchuk, Physik. Zeits. Sowjetunion 13, 65 


(1938). 
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out that the elastic scattering of neutrons does 
not offer much interest, since it is closely 
analogous to the problem in x-ray scattering, 
Wick shows that an essential difference arises in 
the inelastic scattering due to the interaction 
with the lattice vibrations. This difference arises 
from the nonrelativistic motion of the neutron 
(energy =momentum X V’/2, not momentum X V 
as in the x-ray case), which tends to reduce the 
inelastic scattering. Similarly, Pomeranchuk dis- 
cusses mainly the slowing down of neutrons in 
crystals for neutrons of long wave-length. The 
physical aspects which are relevant in our paper 
have not been treated by these authors. 


I. THe GENERAL SCATTERING FORMULAE 
FOR ATOMS 


Before considering the effect of the crystalline 
structure of the scatterer on the results of trans- 
mission experiments we wish to review briefly 
the theory of the passage of neutrons through a 
material consisting of independent scatterers. 

We shall be dealing throughout with slow 
neutrons, so that only the “s’’ wave need be 
considered ; also inelastic nuclear scattering can 
be excluded since the energy of the neutron is 
too small to excite the nucleus to higher states. 
If one takes account of the different isotopes 
present in the scattering sample, the amplitude 
of the coherent scattering from a single nucleus 
is given by : 


C= Viv |bp|*(2tp +1) "Lt a0" + (tp +1)ai?]J, (1-1) 


where |},|* gives the relative abundance of the 
pth isotope, 7, is the nuclear spin of the pth 
isotope, and do” and a,” are the amplitudes of 
the scattered wave for total angular momenta 
4»—% and 7,+3, respectively (neutron spin =}3). 

The intensity of the incoherent nuclear scat- 
tering is proportional® to: 


=D» |bp|*(2¢p+1)- 
Xx [ip(tp+1) (ai? —dy”)? |. 


In addition to this purely nuclear scattering, 
there will be an interaction between the magnetic 
moment of the neutron and the magnetic field 
due to the current distributions of the electrons 


(1.2) 


in the atom. Since in most cases one deals with 


6 See Sections III and VI of III. 
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materials in the crystalline state, the orbital 
currents are either absent (ground state S$), or 
almost completely quenched by the crystalline 
field, so that the magnetic properties of the 
atom are due almost entirely to spin currents. 
For the amplitude of the magnetically scattered 


wave we have :° 


2rMo\' /2e*y er 

FO a fl 

hk mc? r 
<[(e-s)(e-S)—(s-S)]-X.Qy, (1.3) 


where 1/)=mass of the neutron; y =its magnetic 
moment in nuclear magnetons; 


e=(k—k’)/|k—k’|, (1.4) 


where k and k’ are the initial and final propaga- 
tion vectors of the neutron; s is the spin of the 
neutron in units of 4/2; X, is the spin wave 
function of the incident neutron; F? is the form 
factor of the spin distribution of the ion, and 
Qy is the spin function describing the orientation 
of the spin S of the ground state of the ion. 
(The incident flux has been normalized to 1.) 

In the case of ferromagnets at saturation, the 
spins of all the ions are rigidly aligned along a 
direction given by the unit vector k. 

In this case only elastic collisions in which the 
spin state of the ion is unchanged are possible, 
and the expression for the magnetically scattered 
wave becomes :* 


Yn = (24 Mo/hk)!2Dr-e**(q-s)Xs, (1.5) 


where 
e*yS 
D=——F', (1.6) 
mc* 
q=e(e-k) —k. (1.7) 


Then the total coherently scattered wave 
(including both magnetic and nuclear scattering) 
becomes : 


Wee = (24 Mo/hk)'r—e*"(C4+2Dq-s)X;. (1.8) 


In addition to the above scattering processes, 
there will be possible capture of the neutron 
which would lead to a decrease in intensity of the 
transmitted beam. The cross section ¢¢ap for this 
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straight absorption will for slow neutrons follow 
the 1/v law. 


II]. SCATTERING BY CRYSTALS AND AGGREGATES 
OF CRYSTALS 

Before proceeding with calculations, we wish 
to fix the nomenclature to be used throughout. 

The basic unit in the crystal is the unit cell 
which, by the repetition of a set of translations, 
fills out the whole space, forming a microcrystal. 

The microcrystal is a composite of unit cells 
which are in perfect arrangement and scatter 
coherently. 

A single crystal is composed of microcrystals 
all of which are oriented approximately the same, 
but whose relative positions are fixed only within 
a distance of the order of the lattice spacing. 
(Mosaic single crystal.) The single crystal will 
act macroscopically as a homogeneous body, but 
in the propagation of de Broglie waves of the 
order of the lattice spacing, the separate micro- 
crystals will not scatter coherently. To calculate 
the scattering from the single crystal, we must 
first calculate the scattered amplitude for each 
of its microcrystals and then sum the intensities. 

A polycrystalline material is composed of 
many small single crystals, or crystallites, ori- 
ented at random. The crystallites in general 
contain many microcrystals. To calculate the 
scattering from a polycrystalline sample, one 
must average the scattering of its sub-units over 
all orientations of the crystallites. 

By the perfectness of a crystal we mean the 
linear dimension of the microcrystals compos- 
ing it. 

To calculate the total scattering from a poly- 
crystalline sample, we must integrate the usual 
diffraction integral over all final directions of 
the neutron, and then average over all orienta- 
tions of the constituent microcrystals. 

We consider the nuclear scattering of neutrons 
of wave-length \ by a material having simple 
cubic structure with lattice distance a, and only 
one type of nucleus in the lattice. Using the 
well-known relation 


2 cos#o= |1|A/a (2.3) 
l=(12+17+1,2)'; 1; Miller indices, 


one obtains’ for the scattering due to “reflection” 


7 A. H. Compton and §S. K. Allison, X-Rays in Theory and 
Experiment (Van Nostrand, 1935). 











ae ee ee ee ee 





i 


| 


«a 





984 HALPERN, 


from the plane /; 


pe tee 


o N,l olV3 ~) 1 
4r 4 a 


cos6 


_™ N.N3 
— Ze “) = -. (2.6) 


In (2.6) o is the cross section for the coherent 
scattering =4rC* (Section 1.1); Ni, Ne, N3 are 
the numbers of planes in the microcrystal along 
each of the crystal axes. Finally this is to be 
summed over all triples for which |/| <2a/X. 


Na fX\2 \ii<2a”r 1 
[= (-) ~~ — (2.8) 


8r 1 {il 


where JN is the total number of unit cells. 

Before considering this fundamental formula in 
detail, we wish to examine the case where the 
initial beam is sharply defined and is incident 
exactly at the Bragg angle, and calculate the 
total scattering for this fixed orientation of the 
crystal. In this case we expect the scattering to 
be large. This is of interest in examining the 
influence of secondary extinction, a term which 
refers to the fact that the incident beam, in 
going through the specimen, is being depleted 
due to scattering from individual microcrystals, 
so that low lying microcrystals are shielded from 
the full intensity of the beam by microcrystals 
lying above them. This effect will be noticeable 
if the scattering of the given wave-length in the 
specimen is large, so to estimate its importance 
we choose this most favorable case of incidence 
at the Bragg angle. Also, for simplicity, we 
consider the microcrystals to be perfectly aligned, 
but nevertheless scatter incoherently. Slight vari- 
ations in orientation would produce a broadening 
of the range of reflection, but have little effect 
on the final result. 

This calculation seems impossible to perform 
analytically, but for our purposes only a rough 
estimate is needed. Each term in (2.8) represents 
the scattering for a given reflection averaged 
over all possible orientations. Since the range of 
initial directions in which scattering occurs 
appreciably is ~\/a;N;, we can take as a rough 
estimate of the scattering at the Bragg angle 
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ao i 1 
N;iA— - (2.9) 
8ra il 


so, for a beam incident exactly at the Bragg 
angle, the total scattered intensity should be 
proportional to N,*. If the microcrystals have 
sides /, then the scattering will be 
lig X 1 
~— — ——, (2.10) 
87 a® (1 


If the single crystal (crystallite) is Z cm on a 
side, the ratio of scattered to initial beam will be: 


~=—(-) — =. on 1 
82 a® 
Lic 1 


=—— —~N*oNIL. (2.11) 
8xa® |l 


For Fe, a rough estimate of the effect can be 
made: / is 10-5 cm, while the size of the crystal- 
lites is L~2X10- cm. 

o=7.3X10-** cm? (the reason for this choice 
will be seen in Section ITT). 


a=2.9X10%cm, A=1.5X10-° cm. 


Using these values we obtain: 
T/Ig=L(1.2/4) X10°~6X10-*%. (2.12) 


So even in this favorable case of reflection 
exactly at the Bragg angle, the secondary extinc- 
tion will be very small for polycrystalline iron. 
Only for large single crystals (L~1 cm) will it be 
important. In what follows we shall deal chiefly 
with polycrystalline samples for which we may 
neglect the extinction. 

Equation (2.8) has been obtained for the 
scattering of neutrons of a single wave-length by 
crystals of simple cubic structure. In (2.8) we 
have not included the effect of the temperature 
motion of the nuclei in the crystal. The theory 
of this temperature motion has been given by 
Debye and Waller.’ The effect of the thermal 
vibration is to decrease the coherent scattering 
of a crystal of cubic symmetry by the factor 

8 P. Debye, Ann. d. Physik 43, 49 (1914); I. Waller, 


Zeits. f. Physik 51, 213 (1928); Dissertation Uppsala 
(1925). 
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exp(—2.1/,,) where: 


6h? Fe(x) 1)sin*3é 
M,= ——, 


m,kOL x 4) 
where @ is the angle between final and initial 
direction of the beam, m,=mass of the atom 
forming the lattice, k is the Boltzmann constant, 
y(x)/x is the Debye function, and x=0/T, 
where © is the Debye temperature and 7 the 
absolute temperature of the crystal. For the 
reflection corresponding to index |/|, we have 
1|\/2a=sin36, so the factor giving the decrease 
in coherent scattering from the crystal becomes 


exp(—A |1)*), (2.14.1) 
where 
3h? 1f g(x) 1 
A= |= + i (2.14.2) 
m,k© a*L x 4 


It should be noted that the temperature factor 
does not depend on the wave-length; for a given 
Debye ring (definite |/|) it is the same for all 
wave-lengths. The } represents the effect of the 
zero-point vibration. 


For Fe, 0 = 453°, 


and taking 7 = 302°, x=1.5, 


g(x) g(x) 1 s 
g(x) = 0.70, ~ (0.46; —+-—|~0.71. 
x 4 


x 
Also for Fe, taking a=2.86A; m,=56X 1.661 
xX10-*' g we get A =0.0194 so the temperature 
factor for iron becomes 


exp( — 0.0194 |//*). (2.14.3) 


As the index /| of the Debye ring increases the 
coherent scattering is cut down more and more; 
for |/| =4, the factor is already 0.73. 

In the case of Fe, a second correction must be 
made. Fe, at room temperature, forms a body- 
centered cubic lattice, with two atoms to each 
unit cell. This introduces a crystal structure 
factor which has the following effect : 

All reflections for which >>; 1; is odd disappear ; 
all for which }°;/; is even are quadrupled in 
intensity. (We shall refer to these as odd and 
even |/|, respectively.) 

In our scattering formula for simple cubic 
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lattice the factor N which gave the number of 
unit cells represented also the total number of 
atoms in the crystal, whereas for the body- 
centered case, the number of unit cells=} the 
number of atoms. Our formulae will be correct 
for body-centered lattices if we use N to desig- 
nate the number of atoms in the lattice and 
take 
kw 


even 9a!h 
Then the final scattering formula becomes for 


simple cubic lattice: 


NofdX\? __ exp(—Al*) 
( ) > (2.15) 
8x Na/ ili<2a/a l 


and for body-centered lattice (e.g. Fe) 


Nosd\2 exp(—A|I|*) 
. (-) 2 —, (2.16) 
81 a even |1|<2a/A 1 


We see that the contributions to the total 
coherent scattering of the polycrystal from differ- 
ent rings decreases with increasing |/| due to 
each of the factors in the summand. A given 
value of |/| can be realized in many different 
ways; e.g., |/| =v2 can be gotten for (0, 1, 1); we 
must count all permutations and changes of sign 
in finding the multiplicity j(|/|) of a term in the 
sum; for 


I}=v2, j({l|)=12. 


Since there have not yet been made significant 
experiments with monochromatic beams of slow 
neutrons it is necessary to generalize the for- 
mulae given for the case of rather wide velocity 
spectra. We shall in this section present some 
calculations made for illustrative purposes only by 
using a Maxwellian distribution. In Sections VI 
and VII calculations will be presented using 
empirically determined distribution functions. 

In the case of a Maxwell distribution, the 
calculations can be carried out analytically; we 
so find for the scattered intensity produced by a 
body-centered lattice: 


No NA : 
SC) 
4r\a 
(A, |1| /2a) exp(—A |/|*) 


x 2: — -, (2.17) 


even |l! l| 
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where 
2 D 
P(x) = : f exp(—y")dy (2.17.1) 
VTWe 
and 
Na=h/(2MokT)}, (2.17.2) 


where JT is the temperature of the neutron 
source. 

So the effective coherent cross section & of the 
crystal, as determined by using a beam of 
thermal neutrons, will be related to the coherent 


cross section for independent nuclei o by: 


o 1 Aa\? 
nef) 
o 4r\a 
#(A4|1| /2a) exp(—A |1\ *) 


x Ly 


even |1| \]| 


(2.18) 


These scattering formulae will be applied to the 
evaluation of experimental results in Section III. 

Let us consider limiting cases for the various 
scattering formulae. (We consider only simple 
cubic lattices ; similar arguments hold for crystals 
with basis.) 

In (2.8), we can approximate the lattice sum 
by an integral; this gives 


G 1 r 2 2a/Xr 
o0 8r\Xa 0 


The validity of this approximation by integral 
increases with increasing number of lattice 
points, i.e., decreasing \. So for small A, we find 
the effect of the crystal structure disappearing, 
as is to be expected from general reasoning. 

In Eq. (2.15), where the effect of the tem- 
perature vibration is included, this limiting case 
gives a quite different result. Here replacing the 
sum by an integral gives 


é A\71 
-=(—) —(1—exp(—(2a/h)?A)), 
o 2a/ A 
so that as \-0, ¢/o—0. Again this result is 
easily interpreted. The inclusion of the tempera- 
ture effect means the introduction of a form 
factor for the nuclear position in the crystal; 
any form factor -0, for \-0. 

In the expression for simple cubic crystals 
corresponding to (2.18), let us consider the case 
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where \,—0. The approximation by integral 


o 1 AA 2 5 P(A4/ 2a) 
~ ili () f oP — ff 
o 4x\a 0 l 


x 


= af vb(v)dv 


0 


gives 


and integration by parts gives ¢/¢=1. 

Let us consider (2.8) as XA increases. With 
increasing \ the number of terms in the sum 
decreases, but the intensity of each ring increases 
as \*. As J increases, there will be definite points 
at which Debye rings disappear. (The |/|’th will 
disappear at \=2a/\/|), and a discontinuous 
drop in intensity occurs; then because of the ? 
factor, the intensity increases until the next 
Debye ring is cut out. If A\>a, only the first 
Debye ring is left and 


é 1 3e-4 
—— —4-¢e-4X j(1}=——-,, as 


o 8x 


A— 2a. 


For \>2a, the coherent scattering disappears 
completely. 

Apart from the coherent scattering we have to 
discuss two types of incoherent scattering which 
form a background between the Debye rings. 
There is first the inelastic scattering originating 
from processes involving energy transfer between 
the neutron and the lattice. This inelastic scatter- 
ing is, in the case of x-rays, given by formulae 
analogous to: 


o(1—e?” »)dQ. (2.19) 


In the case of neutrons conditions are more 
difficult, as mentioned already in the introduc- 
tion. The inelastic cross section which would 
already be small for x-rays in case the Debye 
temperature is considerably larger than the 
temperature of observation becomes of even less 
significance for the scattering of slow neutrons. 
The incoherent background due to the presence 
of isotopes constitutes a phenomenon which, with 
X-rays, is not of great importance numerically. 
It is due to the fact that the scattering ampli- 
tudes of various isotopes constituting the crystal 
have, in general, different magnitude as well as 
different sign. The spherically symmetrical back- 
ground is produced with a scattering cross section 
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given by® 
Lo’ +(t,+1)ay | 


b»|* 
> 2t,>+1 


t fo? + (1, +1)ai"]\? 
-(x b,|* mis : ) 
Pp 2t,+1 


1 »(tp+1)(a1,? —ao”)? 
+5; |b,|2——_____—_——._ (2.20) 
4 (21,+1)? 


We shall see later on that it probably accounts 
for the larger part of incoherent scattering 
occurring in so well-analyzed a substance as Fe. 


III. DiscussION OF SCATTERING EXPERIMENTS 


The deliberations of Section II contain the 
theoretical basis for the explanation and evalua- 
tion of ‘scattering experiments. In particular, 
they give account of certain characteristic phe- 
nomena which were observed when neutrons 
were scattered from the same substances present 
either in different crystal forms or in different 
chemical combinations." 

We shall first discuss the observations made 
with Fe, since they will turn out to be of great 
importance not only for the evaluation of scatter- 
ing experiments, but also for the quantitative 
determination of the polarization effects in ferro- 
magnets as given in Section VI. 

Experiments were performed first on a poly- 
crystalline sample (¢poiyer.=12.0+0.2 X 10-*4 cm?) 
and then on a single crystal of Fe (¢singte cr. =7 
X10-°* cm’), using a thermal distribution of 
neutrons at room temperature. The case of the 
single crystal may be described as follows: The 
resolving power of the microcrystals, which are 
all oriented in approximately the same direction, 
will limit the scattering to small regions in the 
neighborhood of those wave-lengths for which 
Bragg reflection occurs. These neutrons, for 
which the coherent scattering is large, represent 
only a small fraction of the total incident neutron 
intensity; hence for the entire incident neutron 


*The first two terms alone represent the incoherent 
scattering due to isotope disorder; the last term is due to 
spin dependence of nuclear forces. (See Section III of III; 
and reference 5.) 

1M. D. Whitaker and H. G. Beyer, Phys. Rev. 55, 
1101 (1939), 
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beam, the effective coherent scattering will be 
negligibly small. 

Thus the difference between the results in the 
two cases represents just the coherent scattering 
of the incident distribution by the polycrystalline 
sample. This gives for the effective coherent 
cross section ¢=5X 107"! em’. 

The ratio ¢/o with the temperature factor 
included has been calculated numerically fof 
iron, with thermal neutrons. Using this calcu- 
lated ratio ¢/o=0.81, and the experimental 
value of Whitaker and Beyer ¢=5X10-*' cm* 
we find ¢=6.25X10-°' cm’, so the nuclear 


amplitude 
C=(¢/4r)'=7.05X10-" cm. 


We can similarly understand on the basis of 
our formulae the small deviations found by 
Whitaker and Beyer when the cross section of 
certain molecules was compared with the sum of 
the cross sections of the components. No general 
predictions can be made as to the sign of this 
effect, but since the crystal cross section for 
reasonable velocity distributions of the neutrons 
may differ by approximately 20 percent from the 
value for the amorphous state we can readily 
see that change of lattice, of basis, and of tem- 
perature factor can lead to cross-section changes 
of the order of magnitude of 10 percent. One 
must also keep in mind that some of the com- 
ponents (e.g., Cu) may possess rather large 
microcrystals and therefore show a partial extinc- 
tion effect which will disappear when Cu enters 
into the chemical compound. 

Similarly, in the case of alloys (e.g., Permalloy 
investigations by Whitaker and Beyer,'® and Nix, 
Beyer, and Dunning") the presence of an ordered 
crystalline structure should produce marked 
changes in the coherent scattering, and give rise 
to deviations from additivity; changes in the 
percentage composition, or treatment which 
break up the ordered crystalline structure should 
then lead back to the value given by additivity. 

On the basis of our previous discussion, the 
current belief that the scattering cross section 
for slow neutrons is independent of the neutron 
energy can no longer be accepted. The ratio 
é/o has been calculated by use of expression 
(2.16) for Fe for monochromatic beams of vary- 


1 Nix, Beyer and Dunning, Phys. Rev. 57, 566A (1940). 
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ing wave-length. The results are plotted in Fig. 1. 
As already mentioned in Section II, increasing 
wave-length will mean a decrease in the number 
of Debye-Scherrer rings, but the intensity of 
each remaining ring goes up as *. Iron with 
lattice distance 2.86A is body-centered, so that 
the lowest order appearing will be (1, 1, 0) with 
\l| =v2 and j(|/|)=12; the coherent scattering 
from iron disappears for \>2a/v2=4.04A. The 
limiting value for the coherent scattering at 
room temperature as \—>4.04A is, from (2.18) 


6/o=(2/8r)2-e-*4-12=1.29. 


IV. DISCUSSION OF THE SIZE OF MICROCRYSTALS 
AND ESTIMATE OF THE SCATTERING 
AMPLITUDE OF Fe ISOTOPES 


It is of interest to see that the preceding 
formulae, together with the observations of the 
difference in cross sections for the crystal and 
polycrystalline state of iron, enable us to draw 
some conclusions about the size of the micro- 
crystals and the scattering amplitudes of the Fe 
isotopes. 

For a rough discussion, it is sufficient to 
describe the weakening of a beam passing through 
an aggregate of crystallites as follows: The beam 
will be reduced in intensity by the factor exp(—y’) 
where p’ = Llod/8ra* (see (2.11)) when it strikes 
a crystallite at the Bragg angle. The probability 
of such an event is given by a//, which represents 
the resolving power of the perfect microcrystal. 
This probability must be multiplied by a factor 
which gives the number of possible strong re- 
flections for one and the same wave-length. 
Although only a rough estimate of this factor can 
be made, it is sufficiently accurate for our pur- 
poses to put it equal to 15. The total weakening 
of a beam is now determined by the various 
mutually exclusive alternatives that the beam 
strike 0, 1, 2, etc., properly oriented crystallites 
when passing through a thickness d of the 
substance. The probability of nm favorable en- 
counters is given by: P,=e-*a"/n! where 
a=15ad/1L (Poisson formula). Denoting the 
size of one crystallite by L, we obtain for the 
intensity transmitted : 


I=Iy >> P, exp(—ny’) 
n=0 


=Iyexp[—a(1—exp(—x’)]. (4-1) 
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Fic. 1. Variation of crystalline cross section as a function 
of neutron wave-length. 


This must be compared with the experimentally 
found absorption law J = J) exp(— Ned) where ¢ 
refers only to the coherent cross section of the 
polycrystal. Now two alternatives are possible: 
Case (1): exp(—y’)—0 (large extinction). In this 
case J[=IJye~* so 15ad/1L= Ned. Using the em- 
pirically determined value ¢=5 (see Section IIT), 
we obtain as an upper limit, /~5X10~* cm. 

This upper limit for the size of the perfect 
microcrystal is, of course, highly exaggerated. It 
takes its maximum in the case of large extinction 
since the weakening of the beam by passing 
through one crystal grain is then almost com- 
plete. Jt 7s also of interest to point out that in the 
case of marked extinction no polarization effect 
could be observed, since it is due to the slight 
increase or decrease of the atomic cross section 
produced by the interference of nuclear and 
magnetic scattering. If the nuclear scattering is 
already so large as to produce extinction, a slight 
change in the total atomic cross section cannot 
be of importance. A single crystal as distin- 
guished from a polycrystalline body has complete 
extinction, and therefore cannot give an ob- 
servable polarization effect. 

Case (2) : This corresponds to the absence of ex- 
tinction or, quantitatively speaking,exp(—y’)~1. 
Since the numerator in 


exp[ — 15(ad/1L)(1—exp(—n’)) ] 


is now verv much smaller, the number of layers 
of the perfect microcrystal must be correspond- 
ingly reduced in order to keep the value for the 
scattering constant, and equal to the observed 
exp[ —Neéd]. In the limiting case exp(—y’) 
= 1—vy’, the expression for the absorption reduces 
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to exp(—ay’) =exp(—15eAd/87a'), and so_ be- 
comes, as was to be expected, independent of the 
size of the microcrystal. This case corresponds to 
the condition found in nature, and leads to a 
value of ¢=17X10-** cm*. Since this case is 
precisely the one which we considered in Section 
II, the fact that the values of ¢ obtained by both 
arguments agree so closely, considering the 
roughness of the estimate, would indicate that 
our choice of some of the constants used is 
correct. 

Recently, Miller and Du Mond™ have given 
estimates of the length of perfect lattice in Ag 
and Al of approximately 500 lattice distances. 
They also find that after distortion and working 
the length is reduced to 150 to 200 lattice 
distances. Similar behavior in Fe would lead to 
negligible extinction. 

We can also attempt to evaluate approxt- 
mately the coherent cross section of the two iron 
isotopes which are present in the ratio of 92 : 8." 
Since the total cross section of iron is found to be 
12 nuclear units (i.e., 12*10-*4Xcm?) and the 
capture cross section to be approximately 3.5 
n.u., we have to account for 8.5 units as being 
due to coherent and incoherent scattering. Of 
this, 5 n.u. are found to be coherent scattering, 
while the incoherent contribution of 3.5 n.u. is 
due to three causes: inelastic scattering by the 
lattice, incoherent nuclear scattering, and back- 
ground due to isotope disorder. The inelastic 
scattering is small, while the incoherent nuclear 
scattering also probably does not contribute 
much to the total background. The isotope Fe*® 
has probably no spin, being a 4n nucleus, while 
the isotope Fe® would have to have an anoma- 
lously large cross section to contribute a large 
portion of the observed background since it forms 
only 8 percent of the element. Lumping together 
these first two causes, and ascribing to them for 
purposes of a rough estimate a cross section of 
one nuclear unit, we obtain a value of 2.5 nuclear 
units for the disorder contribution as given by 
> C,f,?—(XC,f,)? where C, is the concentration 
and f,=(4mr)'x the coherent amplitude of the 
pth isotope, which for the case of two isotopes 





2P. H. Miller and J. W. M. Du Mond, Phys. Rev. 
57, 198 (1940). 

_* Actually, Fe has four stable isotopes. The concentra- 
tion of Fe®* is negligible; Fe and Fe? have been lumped 
together and are referred to as ‘“‘Fe*.” 
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reduces to 
C,Co( f,--fe)*. (4.2) 


According to Section IIT, a crystalline cross 
section of five nuclear units corresponds to an 
amorphous cross section of approximately seven 
nuclear units. We can, with these data, attempt 
to determine the scattering amplitude and phase 


for the two isotopes. The equations are: 
(0.92f,+0.08f2)?=7 (0.92)(0.08)(f;—fe)? =2.5. 


There is no restriction of generality in assuming 
that the amplitude of the abundant isotope shall 
have the positive sign. We then obtain the 
following two sets of solutions for the ampli- 


tudes: 
either (a) fi=3.11; fo=—2.72 
or (b) fi=2.18; f2=8.01. 


(b) may be excluded as being highly improbable ; 
it would lead to an unusually high cross section 
of 65 n.u. for the less abundant isotope Fe. 
We finally obtain the following estimate for the 
coherent cross sections of the two nuclei: 


Fe®®: ¢~9.7 n.u. 
Fe: o0~7.4 n.u. 


In addition to this, it should be noted that the 
amplitudes have opposite signs. 


V. AN INTERPRETATION OF THE LARMOR PRE- 
CESSION OF THE SPIN DURING PASSAGE 
THROUGH MAGNETIZED MEDIA 


We wish now to apply our results to the propa- 
gation of neutrons in a ferromagnetic medium 
(Fe), magnetized to saturation, with the spins 
of all ions rigidly aligned along the direction of a 
unit vector k. 

The total scattered wave from an ion will be 
given by (1.8): 


c= (24 Mo/hk)'r—e*"(C4+2Dq-s)X,. 


The presence of the magnetic term introduces the 
possibility of changes in polarization due to the 
difference in scattering of the two spin states of 
the neutron. To put the possibility of such rota- 
tion of the plane of polarization clearly in evi- 
dence, let us consider a neutron beam of wave- 
length \ traversing a lattice whose spacing is less 
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than 3A. Then no Bragg maxima can occur and 
the coherent scattering is confined to the forward 
direction. We shall resolve the spin along the 
direction of the magnetization, which is the most 
convenient representation. 

Suppose k along the x axis; then q has com- 
ponents (e,”—1, e,e,, e,e.). Then, in summing over 
the lattice, the cross terms drop out because of 
the symmetry of the crystal, and only the 
component (|| to kK) remains. We conclude tin it 
no depolarization can be produced by this 
process. 

Nevertheless, the two polarization states are 
scattered differently. We shall treat the propaga- 
tion of each of the polarization states as in 
classical dispersion theory by adding to the 
incident wave at any point the scattered waves 
from the centers in the medium, and determine 
an index of refraction. For simplicity, let the 
plane OXY contain one scattering center per 
unit area (see Fig. 2). Let k be along the z axis. 
We must calculate the total wave at the field 
i P, where OP =a. 


=(0,0,1) dxdy=a’* sec?é tanédédy 
= (1/2 sin}@)(—sin@ sing, —sin@ cosy, 1 —cos@) 
=}(—sind: sing, —sin@ cosy, — {1+ cos6}). 


The magnetically scattered wave from plane 


OX Y is 
etkr 
r 


where r=QP 


etka sec 
=2Da { [sect tan 6d 6d -———(q:'s)X.. 
a secé 


As we have seen previously, only the z com- 
ponent remains, giving: 


m/2 
2Dra f secé tan 6d 6e**4 *°°(1+cosé@)(+3) 
0 


Dr pt” 
=+- “f d(e*2 see) (1 +cos6). 
ik Jy 


The integral will be oscillatory at the upper 
limit, as in all Fresnel diffraction problems, but 
just as in the optical case, such convergence 
difficulties can be eliminated by the introduction 


of a weight factor. Partial integration gives: 


2r 7 
+0 e*e+- 
ik ik 


r/? 


etka secé sinado| 


The second term 


ra pf” ev 
=-—- -f dy; 
1 k y’ 


va 


we proceed neglecting this term. If we had in- 
cluded the nuclear part, this scattered wave 
from plane OX Y would be: 


_ ae e*y7S 
etka i C+ , Wine 


ik mc? 


for the two polarization states. But the total 
wave at point P will be the sum of the incident 
wave at P and the scattered waves from all 
planes below P. If the phase of the incident wave 
at P is taken at zero, its phase at OX Y is e~**. 
So for a thickness d, the amplitude of the total 
wave is 


2nd ey | 
i(1 += C+— ) 


ik mc? 


d e*y7S 
=] exp] —2ni-( C+ )} 
k mc? 


where J is the incident wave, and we have 
assumed one scattering center per unit volume. 
This gives for the index of refraction: 


Qn eyS 
ns=—{ C+—— 
k mc? 
and for the rate of rotation of the direction of 
polarization: (n,—n_) (velocity of the beam) 
or 2e* vs hk _ Ane? oy Sh 


(5.1) 


ik mc? My Met 


From the macroscopic viewpoint, this rate of 
rotation should be given by the velocity of the 
Larmor precession of the neutron in the macro- 
scopic field of the crystal. The magnetic moment/ 
unit volume is M=ehS/mce so that (5.1) becomes: 


4reyM / Moc. (5.2) 
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The total rotation of the plane of polarization is, 
of course, obtained by adding to (5.2) the 
precession due to the over-all magnetic field /7. 
After adding this term which cannot be specified 
without knowledge about accidental outside 
fields, as well as the shape of the body, we can 
summarize the results by saying that it is the 
vector: 


B=H+4rM,. (5.3) 


which determines the total Larmor frequency of 
precession. Our derivation allows some insight 
into the manner and the mechanism by which 
the inhomogeneous magnetic field of the indi- 
vidual atoms averages out and leads to the well- 
known result for the rotation of the plane of 
polarization. 

It can be shown easily that an analogous 
result holds when the direction of magnetization 
is no longer assumed to be parallel to the direc- 
tion of incidence but allowed to make an arbi- 
trary angle with it. 


VI. PoLARIZATION EXPERIMENTS WITH FERRO- 
MAGNETS; GENERAL PRINCIPLES AND 
CHOICE OF FORM FACTOR 


Polarization effects accompanying the passage 
of neutrons through ferromagnets are due solely 
to the interference between nuclear and magnetic 
scattering. Since it was proven that the magnetic 
scattering by free electronic spins is always in- 
coherent!‘ we have to limit the discussion to the 
case in which the electronic spin remains un- 
changed during the collision process. This is the 
case only for ferromagnets, and neutrons of 


M4 See II and III. 
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sufficiently small velocity. Similarly, only the 
coherent part of the purely nuclear scattering is 
relevant. Neither the incoherent nuclear scatter- 
ing (i.e., transition with change of spin of nucleus) 
nor the background due to isotope disorder con- 
tribute anything to the magnetic polarization 
phenomenon ; this is true for the latter since the 
magnetic scattering amplitude is the same for 
all isotopes, and therefore disappears from 
> C,f—(XC,f,)?. We can therefore limit our- 
selves to the experimentally determined co- 
herent nuclear cross section.'® From the preceding 
remarks it becomes apparent that the considera- 
tion of the crystalline structure of the material 
is decisive in any calculation of polarization 
effects. Not only does it allow us to take properly 
into account the coherent and incoherent con- 
tributions, but it is also, as previously remarked, 
essential in the introduction of the form factor 
for the magnetic scattering. 

It would be permissible (cf. Section II and 
Fig. 1) to approximate the crystalline aggregate 
by an amorphous body for sufficiently small 
wave-length. But since the distribution of the 
magnetically active currents in an atom extends 
over a domain which is not small even com- 
pared with the wave-length of thermal neutrons, 
the case of small wave-length would become 
uninteresting, since the atomic form factor would 
almost annihilate the effect to be expected. 
Choosing, on the other hand, sufficiently large 
wave-lengths, we are no longer allowed to 
neglect the crystal structure. Coherent scattering 
disappears in the case of Fe for wave-lengths 
larger than 4.04A. There does not therefore exist 
a range in which the theory based on an 
amorphous structure is even approximately 
correct. 

A quantitative evaluation of polarization 
phenomena requires, therefore, knowledge of the 
wave-length of the incident neutrons, as well as 
of the form factor of the scattering atom which 
is a function of wave-length and scattering angle. 
We shal!, in this section, assume, first, that 


14°The background produced by inelastic collisions 
between the neutron and the lattice vibrations should, 
strictly speaking, also be considered. We neglect it in the 
following discussion because, it would be very small even 
for x-rays, still smaller for neutrons (cf. reference 4) and 
mostly present for large scattering angles, where its effect 
is strongly cut down by the form-factor. 
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monochromatic neutrons are incident, and dis- 
cuss choice and influence of the form factor. 
Section VII contains the more general treatment 
of an incident spectrum together with a nu- 
merical evaluation of the results. 

Polarization effects can be observed through 
experiments on the scattered or transmitted 
beam ; only experiments of the second type have 
so far been performed, for reasons of available 
intensity. We shall therefore limit ourselves to 
this group of phenomena; the treatment of the 
scattered beams can easily be carried out with 
the aid of the formulae presented here and in 
previous notes. 

As the incident beam is resolved along the 
direction of magnetization denoted by k, the 
additional scattering per unit solid angle for the 


two spin states is given by'® 
dP saditional = +2CD(q-k)dQ=+2CDqdQ. (6.1) 


This can be taken over to the crystalline case 
immediately since both the amplitudes C and D 
refer to coherent processes only. The magnetiza- 
tion is assumed to be perpendicular to the direc- 
tion of incidence, as is the case in all experiments. 
In the crystalline case, for a ring of index |/|, 
the average of qg? over azimuth gives 


(q?)w = 3(1+sin?26) = 3(1+ |1|*A2/4a*). (6.2) 


The form factor F which is contained in D is 
function of {/) only. (From now on we shall 
write the form factor separately : D=e?yS/mc?.) 

The final result for the additional cross section 
p, for the case of a simple cubic crystal, including 
temperature effect, is: 


A\? exp(—A |//*) 
p=cp-4(-) > 
| l|<2a/d l| 


a 
1 > 
xX F( | \(14 ) 

4a? 


D 1 fr? exp(—A |/!*) 
wel: ~—(-) ge ll 
| l|<2a/d il 


'] 22 
x FI) (14 ) 
4a? 


16 See III, Section VI. We here neglect small effects 
proportional to D?. 


(6.3) 


and comparing with 


O nuclear effective 


1 /A\? exp(—A |/ *) 
=o° (-) > : » aa 
8r\aZJ \i\<2a/a l 


we obtain: 


D 


p = Gnuc eff* — 


~ 


[Z| 202 
PCL) Fl i|)(1+ ), (6.4) 
ir 


x 
Tac 4a* 


|<2a 
where f(|/|) is the fraction of the scattered neu- 
trons in the ring of index /). 

The same formula will apply to any other case 
(average over velocity distribution; body-cen- 
tered crystal). The ‘‘p” is always given by: 


Fcoherent(D/C)[average over the rings of 
F(\1|)(1+ |2|*?/4a?) ]. 


To find the additional scattering w for a centi- 
meter thickness, we multiply by the number NV 
of atoms/cc (for iron N=8.48 X10"); w=Np. 
Then the fractional increase in transmission on 


magnetization is: 


/ 


(Re—Nes—wz + be —Nortws — e- Nor) ‘e Nez (6.5) 


where o contains the cross sections for all other 
causes of weakening of the beam (capture, in- 
coherent scattering, nuclear coherent scattering), 
and x is the total thickness traversed. This gives 
for the fractional change in transmission 


- (6.6) 


This result applies to both single and double 
transmission experiments. 

While the amplitude C of nuclear scattering is 
independent of the scattering angle, D will de- 
pend on it through the magnetic form factor. 
Its determination offers a certain difficulty due 
to our incomplete knowledge of the constitution 
of the magnetically active 3-d shell of Fe. For 
the purposes of a rough estimate we have pre- 
viously"? used Slater’s'® hydrogenic function for 
the wave function of the electrons in question. 
This method, which was also adopted with even 





17 See Section VII of III. 
18 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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steeper decrease towards the outside by Van 
Vleck,'® does not seem to lead to reliable quanti- 
tative values as successfully as it might have for 
other applications reported by Slater. 

Bethe’ used the well-tabulated density func- 
tion of Hartree for the 3-d shell of Cu*, which 
was derived by the method of the self-consistent 
field. To adapt this density distribution to the 
case of iron with a smaller central charge, 
Bethe ‘‘expanded” the effective radius of iron 
with respect to copper in the inverse ratio of the 
effective charges and calculated the form factor 
by numerical integrations. 

In the present paper we also use the Hartree 
distribution which has so far proved to be of 
higher accuracy than our demands would require. 
But in place of the slightly rough numerical 
integration carried out by Bethe, we use the 
analytic expression for the Hartree distribution 
as adapted by Slater.*! It is interesting to observe 
that the actual density distribution can be well 
represented by the sum of three hydrogenic 
functions of which only two are really significant. 
The result of this analytic calculation agrees with 
Bethe’s formula for sufficiently small values of 
(sin}6)/A, but our probably more correct method 
gives a decidedly sharper decrease of the form 
factor at large angles. 

For a Cut 3-d electron, the (radial density) * 


/p=ry=r*(ae—"+ce-" + fe”). 


The unit of length is the Bohr radius ao. b= 6.29; 
d=2.65; g=1.28. Slater gives the following data: 


inner intersection = 3.78; i.e., 

ae (3/3.78) (6.29) = ce“ 3.78)2.65 
and outer intersection = 1.15; i.e., 

ce 2.65(3 1.15) — fe '.2863 1.15) 


a=17.975c 


f= 0.02804c. 


This gives 


So we can write: 


3 


\ p=rbv=r*[17.975e - 
+e-?-55"4.0,02804e-1-25"], 


J. H. Van Vleck, Phys. Rev. 55, 924 (1939). 

*° Hoffman, Livingston and Bethe, Phys. Rev. 51, 214 
(1937). 

J.C. Slater, Phys. Rev. 42, 33 (1932). 


NEUTRONS 993 


To calculate the form factor, we must evaluate: 


where p=2k sin}6; k=2x/; \ in Bohr units 
F will consist of six terms: 


* sin 6d Opdr, (6.7 


F=f; 
i=l 
where f; is of the form: 


fi= few 8? sindd@-1; exp(—m,r)r*dr, 


t 1 2 3 + 5 0 
b 323.1 35.95 1.008 1.0 0.0561 0.00079 
m 12.58 8.94 7.57 5.30 3.93 2.56 
l Lx 
fi=- f dr-r® exp(—mir)Le'”"—e 
ip J, 


51, 1 1 
7  merrgeer 
2-6; 1—(10/3)(p/m;)?+(p/m,)* 
mi . [1+(p/m,)* ]}° . 


Normalization is obtained by requiring that for 
p-—0, F-1. So we must divide by the normaliza- 
tion factor >>,° 2-6!/;/m,’. When this is done, 
we obtain the form factor: F=}>°,° Fi, where 


1—(10/3)(p/m;)?+(p/m,)* 
Fi=n| | (6.8) 
[1+(p/m,)?]° 


1 1 2 3 4 5 6 
nj 0.227 0.276 0.025 0.298 0.136 0.038 
mj 12.58 8.94 7.57 5.30 3.93 2.56 


The form factor consists of these six terms, each 
similar to the single-term expression given in 
III. Figure 3 gives a comparison between F and 
the form factor Fg as given by Bethe. They 
coincide for small values of p, but F falls below 
Fy, and decreases more rapidly for large p. 

For a Debye-Scherrer ring of index /, 
p=2may\l| /d. We see that F is a function only 
of |/|. For application to Fe, we have reduced 
the wave-length to 75 percent to take account 
of the contraction of the charge. The values of 
p for the first few rings are indicated in Fig. 3. 
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Fic. 3. Form-factor of 3d shell of iron. 

VII. EVALUATION OF POLARIZATION EXPERI- 


MENTS CONTINUED; VELOCITY DIsTRI- 
BUTION OF THE INCIDENT 
NEUTRONS 


The strong dependence of the scattering into 
rings of different values of |/| on the wave- 
length, as it becomes apparent from the formula 
(2.16) and from the discussion at the end of 
Section III, makes it necessary to refine the 
calculations of Section II, as far as the velocity 
distribution is concerned. It has been frequently 
observed that the Maxwellian distribution used 
in paragraph 2 for the purpose of illustration 
cannot really claim to be an accurate representa- 
tion of the velocities present in the incident 
beam of “thermal neutrons.’’ Neither are the 
long wave-lengths (small velocities) really pres- 
ent, since the inelastic transitions are far too 
slow to produce them (cf. Pomeranchuk®) ; nor 
can it be expected that the curve falls off at 
high velocities in an exponential manner, since 
the whole spectrum should extend even beyond 
the Cd absorption limit. 

Absorption experiments with ‘‘cooled’’ neu- 
trons also fail to show real agreement with the 
1/v law, when temperatures of the neutron 
source are used for comparison. 

We have therefore made use of the velocity 
curve which has been obtained by Dunning” and 
collaborators giving the frequency of neutrons 
as a function of their mechanically determined 
speed. The result is contained in Fig. 4, where a 
Maxwell distribution has been included for 
comparison. (The distributions as shown are not 
normalized; their maxima have been made to 


2 Dunning, Pegram, Fink, Mitchell and Segré, Phys. 
Rev. 48, 704 (1935). 
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coincide, in order to show clearly the difference 
in shape.) This choice brings with it the disad- 
vantage of a numerical integration since no 
analytic representation of this velocity distribu- 
tion is available. The velocity distribution shows 
qualitatively all the features to be expected. 

A second point to be taken into account is 
the change in the velocity distribution while the 
neutrons pass through iron. The coherent scat- 
tering as well as the background are approxi- 


#~ 





Velocity (te) 


Fic. 4. Comparison of velocity-selector and 
Maxwellian distributions. 


mately velocity independent; the capture on the 
other hand follows the 1/v law, and therefore 
removes the low velocity neutrons preferentially. 
Since it is the long wave-length, low velocity 
neutrons which determine the polarization, this 
correction will turn out to be of significance. 

In order to determine the velocity distribution 
of the neutrons as a function of the thickness of 
sample traversed, we have proceeded as follows: 

The observed capture cross section Ga, of Fe 
for thermal neutrons is ~3.5X10-** cm*. This 
represents an average of the capture cross section 
Tcap =00/v Over the thermal distribution, i.e., 


Feap = 3.5 X 10-4 cm? 


do 
-{ fu(o)dv / f fulo)ae (7.1) 


where fo(v) is the neutron distribution indicated 
in Fig. 4 and tabulated in Table I. This gives, 
after numerical integration, 


bo 


Soap = F0/V. (7.2) 


oo=8.9X10-"; 


The velocity distribution f,(v), after a thick- 
ness x has been traversed is given by: 


f-(v) =fo(v) exp(— Noox/v). 


Using Eq. (7.3), the velocity distribution has 


(7.3) 
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been calculated for thicknesses of 1, 2, 3 and 4 
cm, and then a normalization factor introduced 


f f-@d= : 


0 


so that 


The function f,(v) is tabulated in Table I. 

We must also replace the calculation of ¢/¢ 
given in Section III on the basis of Eq. (2.17), 
by a similar calculation using the correct neutron 
distribution fo(v). From Eq. (2.16) we obtain: 


f 4 2 X 2 

t/o= folv ( »-—(-) 

° 8r\a | 
exp(—A |//*) 


x Ff , (7.4) 


even |1|<2a/Ad 2] 


where fo(v) has been assumed to be normalized. 
The order of summation and integration may 
be reversed, giving 


exp(—A|/l|?) 2/ h \? 
~ ~ | iar _(— -) 
go even [2] | l} 8x Ma 


| 


2 fi(v)dv 
4 -. (7.3) 
|l|hk/2Ma VU” 
TABLE I. Values of f,(v).* 
v(km/sec.) fo(v) fi(v) f2(v) I3(v) Sa(v) 


3.107 2.534 2.066 1.685 
3.015 2.483 2.045 1.686 


0.9 88 0.38 0.164 0.071 0.031 
64 0.826 0.416 0.210 0.105 
72 1.521 0.852 0.476 0.266 
78 2.286 1.382 0.836 0.505 
20 2.694 1.728 1.109 0.711 
42 2.972 1.998 1.343 0.903 
55 3.175 2.215 1.545 1.078 
62 3.328 2.397 1.727 1.244 
63 3.423 2.531 1.871 1.383 
58 3.462 2.616 1.977 1.494 
48 3.455 2.663 2.054 1.584 
30 3.369 2.639 2.068 1.620 
12 3.277 2.606 2.075 1.648 
96 3.191 2.571 2.071 1.669 
8 
6 


RVOWWKWWWWKEE EEE EEE RWNDR OS 
el 


OO Rm Wwe ee ee 
We CONN We OY wWe odin ON we 


52 2.929 2.436 2.027 1.686 
39 2.843 2.384 1.999 1.677 
25 2.748 Bee 1.963 1.660 
12 2.656 2.261 1.925 1.639 
00 2.572 2.205 1.890 1.620 
87 2.475 2.135 1.841 1.588 
2.74 2.377 2.063 1.789 1.552 





9.562 7.284 5.256 


SPfdv = 16.63 12.408 








are physically significant. This has been done to assist the 
reader in following a sample calculation and in reproducing 
the graphs smoothly. 
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Fic. 5. Variation of polarization effect as a function of 
neutron wave-length. 


From Eq. (7.5) we see that ¢/o consists of a 
sum of terms for different |/|, each involving 
a numerical integration of fo(v)/v? from vv 
=|1\h/2Ma to «. This has been carried out, 
giving ¢/¢=0.75, which corresponds to C=7.33 
«10-8 cm. 

Using y= 1.93; S=1.07, giving D=eyS/mc 
=5.8x10-", N=8.48 10", we have calculated 
w for monochromatic beams of various wave- 
lengths, using Eq. (6.4) and the ratio ¢/o given 
in Fig. 1. 

The values of w obtained are shown in Fig. 5. 
The breaks in the curve occur at wave-lengths 
where a Debye-Scherrer ring is cut out, as has 
already been described in connection with Fig. 1. 

For an incident beam of thermal neutrons, 
Eq. (6.6) will no longer apply, but will be 
replaced by 


9 


d 2 
| f w(a)de| (7.6) 


for the transmission effect of a sample of thick- 
ness d; we write w(x) because the polarization 
will now vary with distance traversed, since the 
velocity distribution f,(v) is changing because of 
preferential absorption of low velocity neutrons. 

To evaluate the polarization effect, we have 
calculated w(x) for x=0, 1, 2, 3, 4, cm using the 
values of f,(v) tabulated in Table I and using 
Eq. (6.4). The fraction f“'" is here given by the 
\/\th term in Eq. (7.5), divided by the total 
value of that sum. The results are shown in 
Table II. It should be pointed out that the 
polarization factor (1+ |/|*\?/4a*) depends on the 
wave-length. We have throughout used an 


* LL. W. Alvarez and F. Bloch, Phys. Rev. 57, 111 (1940). 
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TABLE II. Values of w(x).* 
4 = 
1|2x2 Jo(v) fi(v) f2(v) fs(v) fs 
jd|? it 4a? F(\l|) f({l}) fF(A) fl) SF(A) f(\l\) fF(A) f({l}) fF(A) f(\l)) fF(A 
2 1.14 0.39 0.281 0.125 | 0.252 0.112 | 0.231 0.103 | 0.207 0.092 | 0.193 0.086 
4 1.29 .22 .076 .022 .071 .020 068 .019 .063 018 .061 .017 
6 1.43 a .183 .034 181 .034 .178 .033 171 .032 .170 032 
8 1.57 .08 .061 .008 .062 .008 .062 .008 .061 .008 .062 .008 
10 1.71 .047 .086 0069 .089 .0071 .092 .0074 .092 .0074 095 .0076 
12 1.86 .027 .021 .0011 .022 .0011 .023 .0012 .023 .0012 .024 .0012 
14 2.00 .013 | .094 .0024  .098 .0025 .106 .0028 | .109 0028) .115 .0030 
16 2.00 .010 .009 .0002 .010 .0002 .010 .0002 O11 .0002 .012 .0002 
18 2.00 .008 .043 .0007 .046 .0007 .050 .0008 | .052 .0008 .056 .0009 
Remainder 0.0004 0.0005 0.0004 0.0004 0.0005 
Total = .200 .186 .176 .163 156 
.0676 .0627 .0588 .0549 .0529 


w(x)= 


* More figures have been included in these tables than are physically significant. This has been done to assist the reader 


in following a sample calculation and in reproducing the graphs smoothly 


average value for \=1.53A. This is justified 
since it is a slowly varying function of X. Also, 
as the distribution changes while passing through 
the sample, the average wave-length decreases, 
so that, at worst, we are over-estimating the 
polarization effect. 

We obtain from the data of Table II for the 
transmission effect the results shown in Table III 
where experimental results***> are listed for 
comparison : 

TABLE III. 


Thickness 0.8 1.3 1.95 4.0 
% Effect 0.14 0.35 0.75 2.9 
Experimental 0.76 1.78 3.32 6.0 


As can be seen from the table, there exists a 
considerable discrepancy between theoretical and 
observed values for the transmission. We have 
also, in our comparison, to take into account 


25 P. N. Powers, Phys. Rev. 54, 827 (1938). 


the marked depolarization effect due to deviation 
from saturation.” The data given by the experi- 
menters do not allow us to draw any very 
definite conclusion about the state of saturation 
obtained, and we shall therefore defer the more 
detailed discussion of that effect until later. The 
presence of the depolarization effect is clearly 
indicated by the marked deviation from the law: 


polarization effect « (thickness)’. 


We do not, at the moment, see any possibility 
of reconciling the observed data with the present 
accepted views about the magnetic interaction 
between neutron and iron atom, and the con- 
stitution of the iron crystals. We intend to return 
to a fuller discussion of the questions involved 
in this field in a later paper.*® 
26Q. Halpern and M. H. Johnson, Phys. Rev. 57, 160 
(1940). 
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A driving e.m.f. of 890 cycles per second was employed 
to energize a ring discharge in mercury vapor in the 
pressure region near 2X 10~ mm. The ring was a secondary 
of one turn about a transformer core. E.m.f. per turn was 
usually near 5 volts. Probe measurements revealed a true 
electronic temperature with values ranging up to about 
300,000°K at the peak of the wave of energization. Only 13 
percent of the atoms were ionized at the maximum of the 
cycle of ionization. The highest electronic temperatures 
were not found at the lowest pressures. At a given e.m.f. 
the rate of build-up of the field of ions and the electronic 
temperature was lower at lower pressures. The energization 
reached a peak near the end of a half-cycle of the input 
voltage even though the current started at the zero of 


ITH the exception of astronomical work, 

there seems to have been only very limited 
study of a highly energized gas in the region of 
pressure below 0.001 mm. Observations in the 
laboratory have dealt mostly with transient con- 
ditions. It was an object of the present experi- 
ment to extend the parameters of a mercury 
vapor plasma into regions of lower pressure and 
higher degree of excitation under conditions 
making possible detailed study. Interest centers 
particularly upon the means of interchange of 
energy among the electrons and the rate of pro- 
duction and loss of ions. Plasma oscillations! have 
been postulated as a means of the interchange of 
energy, but quantitative support for the idea is 
apparently lacking though observational evi- 
dence? for oscillations of the expected frequency 
has been brought out. The calculated rate of 
production of ions in the ordinary plasma as 
previously carried out does not lead to agreement*® 
with the observed rate. 

These points of immediate interest are ap- 
parently aspects of things of a broad fundamental 
nature to be encountered in an extensive study of 
the low pressure plasma by the device herein 
employed. 


'L. Tonks and I. Langmuir, Phys. Rev. 33, 195 (1928). 

2H. J. Merrill and H. W. Webb, Phys. Rev. 55, 1191 
(1939). 

* B. Klarfeld, Tech. Phys. U.S.S.R., Vol. V, No. 12 (1938). 


voltage. Stroboscopic and other spectral observations 
afforded qualitative confirmation of the probe measure- 
ments. Strong lines of Hg I-II-III together with faint lines 
of Hg IV were observed. The forbidden line 1.8 9— 2°P»2 was 
definitely observed and the forbidden line 1!S9—2*P» 
possibly observed, under conditions yielding the highest 
electronic temperatures but not otherwise. A probable rate 
of ion production in an electronic atmosphere of given 
density and temperature is calculated in accordance with 
accepted factors and found to be greatly in excess of that 
apparently prevailing in the present work. To explain the 
observed limitation upon degree of ionization, a hypothesis 
involving recombination of ion and electron with con- 
servation of electrical energy is brought forward. 


An electromagnetically induced ring discharge 
was chosen for our studies because it has no space 
charge limitations of current, and because it has 
no electrodes to influence the distribution of 
velocities among the electrons. "A tube with 
electrodes would yield a space charge limited 
current near the cathode for pressures below ap- 
proximately 0.001 mm and would necessarily 
require an anode capable of dissipating the heat 
of condensation of the electrons. In a tube with 
electrodes there is a pronounced tendency in the 
positive column for the gas to be driven toward 
the anode,‘ especially under conditions of low 
pressure and high current. Within an electronic 
free path of the cathode there is not a good 
approach to a Maxwellian distribution of veloci- 
ties among the electrons. At a pressure of 10~ 
mm there would seem to be required a discharge 
tube about ten meters long, more or less, if we 
expected to insure a study of the plasma in a 
region not strongly disturbed by the cathode. 
The ring discharge yields a plasma without ends, 
and any pumping of gas along lines of current 
flow is of no observable consequence. 

A low frequency ring discharge was chosen in 
order that the time of a half-cycle would be very 
long in comparison to the time taken for an 
electron to describe a mean free path. This was to 
avoid phase displacement between applied e.m.f. 


‘Carl Kenty. J. App. Phys. 9, 765 (1938). 
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and current resulting from the mass of the 
electrons, since it was hoped to realize very simple 
conditions for all the electrical measurements. 
Figure 1 is a schematic representation of the 
toroidal discharge tube D, and a laminated iron 
core structure C. D was made from a spherical 
Pyrex flask of 22 liters capacity, through which a 
tube four inches in diameter was sealed. The core 
was made of iron laminations R, in ribbon form 
2.7 meters long (the length of C) arranged 





























Fic. 1. Diagram of discharge tube. 


radially around a brass tube B. Cooling water W 
was circulated in B. MM, and Mz are primary 
windings of 50 turns each. They were connected 
in series and the terminals Y and Z went directly 
to a 900-cycle 3600-r.p.m. motor generator of 
10-kw capacity normally supplying power at 500 
volts. The core was made long so that large 
magnetic flux density for linking D could be 
realized with a minimum of ampere turns in the 
primary windings. The core had a reluctance 
equivalent to an air gap of 1.44 mm having the 
cross section of the iron, which was 33 sq. cm. 

Stray magnetic fields in the discharge region 
interfered with current flow. With the long core 
and the primary windings arranged symmetrically 
as shown, the very weak stray fields seemed to be 
negligible in their effect upon the discharge. In 
other words, magnetic linkage of the discharge 
region was made as large as possible but actual 
invasion of the discharge space by the magnetic 
field was avoided almost completely. 
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A tungsten wire probe is shown at P and a 
20-mil tungsten filament at F. S represents a 
metallic can shielding all but the heated portion 
of F from the discharge. Use was made of these 
terminals in initiating the discharge or in probe 
measurements. 

D was connected by way of a vapor trap to two 
mercury diffusion pumps in series. No stopcocks 
were employed on the low pressure side of the 
pumps. The pumps operated continuously while 
observations were being made. Usually a second 
trap was sealed to the tube D on the side opposite 
from the pump connection. The supply of vapor 
to D was controlled by the temperature of the 
traps. 

The e.m.f. tending to impel the electrons 
around the circuit D was essentially the same as 
the e.m.f. per turn applied to the primary 
windings. This was ordinarily of the order of five 
volts and was incapable of starting the discharge 
unaided. An electronic current of a few milli- 
amperes was drawn from F to S by an inde- 
pendent, or ionizing circuit, not shown. The 
ionizer was employed only in initiating the main 
discharge, and was not used after the main ring 
discharge arrived at a steady state condition. 

The initial stages of operation are of significance 
in themselves but will be described only briefly, 
to point out the relation to some “reversible 
clean-up”’ phenomena. Given an e.m.f. of 5 volts 
and a pressure in the traps of 2X 10~' mm Hg, the 
ionizer is energized and a brilliant flash occurs in 
the toroid D, and this is followed by a cessation 
of ring current and a diminution or extinction of 
the ionizing current. After a short time, } second 
more or less, another flash occurs. This is followed 
by darkness and another flash and so on, the 
flashing continuing for 30 seconds more or less. 
Then the ring discharge flows without apparent 
interruption, starting at a low mean value and 
building up slowly to a value of several hundred 
amperes as we shall see later. After the flashing 
stage, the ionizer and its filament current are 
disconnected. The ring current meantime con- 
tinues. Pressure measurements with an ionization 
gauge show that the first flash practically evacu- 
ates the region D of all mercury vapor. A wall 
population of the vapor is built up by vapor 
coming in from the traps and is held upon the 
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walls while the discharge is flowing. The wall robs 
the volume until its own population is built up, 
after which steady operation ensues. 

If the ring current is permitted to flow for some 
minutes and then interrupted, the pressure rises 
rapidly to a value above that in the traps, 
showing a great evolution of vapor from the 
walls. These phenomena are in agreement with 
those of Kenty.* It was also noted that any 
increase in degree of excitation of the vapor 
caused a release of some of the wall population. 
The converse was true, showing clearly that a 
wall previously heated by a prolonged and 
energetic discharge could immediately take on an 
additional population of condensed mercury. The 
wall population could be increased or decreased 
at will by varying the e.m.f. inducing the ring 
discharge or by any other means that changed 
the relative degree of excitation of the vapor. The 
observations indicate a lifetime for an atom 
constituting the wall population that is shorter 
the more energetic the discharge. This peculiar 
wall population merits a thorough investigation, 
since it is readily produced, and presents repro- 
ducible characteristic effects. There seems to be 
no ready theory of it, and its whole behavior is of 
an unexpected nature. We pass on to other 
matters which have been more carefully in- 
vestigated. 

The current in the gas and its wave form was 
determined. Coils B, Bz and G;G2, all of an equal 
number of turns, were connected in series with an 
inductance L and a resistance r. The B coils 
opposed the G coils, and no net voltage was 
generated to drive current through r and Z until 
current flowed in the tube D. When the gaseous 
current flowed there was a magnetic flux linking 
the B coils that was larger than that linking the 
G coils. The voltage tending to force current 7 
through the inductance LZ and resistance r was 
proportional to the time rate of change of the 
current J in the gas. Hence Ldi/dit+ri= KdI/dt, 
K=constant. The fundamental frequency was 
890 cycles sec. We chose Lw= 20r(w = 22 X 890). 

We neglect ri in the differential equation and 
obtain approximately Li=KJ. 

Terminals of a cathode-ray oscillograph O were 
connected to the ends of r. The oscillograph 
vielded the fundamental wave form of 7 and 
hence of J, the gaseous current. 
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Figure 2 shows two typical cases. V,g= Number 
of atoms per cc. 

The wave form was taken from oscillographic 
readings. The magnitude was obtained from a 
reading of the average power in watts expended 
in the gas, together with the average in compari- 
son to the peak value of the power. Comparison 
of the average and the peak was from graphical 
integration of the product of the instantaneous 
current and voltage values given by the oscillo- 
graph. Oscillographic tests substantiated by 
stroboscopic observations showed the zero of 
current coincided with the zero of driving e.m.f. 

Stroboscopic observations of the spectra were 
obtained by causing a spot of light from the tube 
to move along the slit of the spectroscope. A 
Bakelite disk about 45 cm in diameter, having 
fifteen radial slots, was fastened rigidly to the 
shaft of the generator supplying the energy to the 
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Fic. 2. Wave form of the current and voltage. 


discharge tube. An image of a slot was focused 
upon the slit of the spectroscope, the image being 
a narrow line at right angles to the slit. Synchro- 
nism of the rotating disk and the light source was 
necessarily perfect regardless of variations in 
speed of the generator. Since there were thirty 
poles to the generator and fifteen slots in the disk 
the photographed spectrum was that for a current 
in only one direction in the discharge tube. 


Photographs are shown in Fig. 3. Time progresses 
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Fic. 3. Stroboscopic spectra arranged in order of electronic temperature; A is highest. 


upward. Between 0° and 180° on the scale is the 
time of one half-cycle, 5.6X10~ sec., approxi- 
mately. Since the stroboscope was in perfect 
synchronism with the light source, we must 
conclude that the light of 45461 was really quite 
perceptible even through the zero of time, and 
the minimum of illumination. The zero on the 
scale is the time of the zero of driving e.m.f. as 
determined by independent means, description of 
which must be omitted. Note the behavior of 
4797, a line of Hg III, in comparison to \4916 of 
Hg I. The Hg III line begins late in the cycle and 
its maximum occurs well past the middle of the 
cycle. Lower pressure or lower driving e.m.f. 
sends this maximum further toward the 180° 
mark. 

Direct observations without the 
stroboscope showed Hg I predominant and 
Hg II-III-IV of apparently lesser intensity. The 
forbidden line 1'4S9—2°P2(A2269.8) was readily 
observable at the higher electronic temperatures, 
but never at the lower electronic temperatures 
even though neighboring lines of Hg I were made 
to show in greater strength by longer exposures. 


spectral 


Under the conditions that brought out 2269.8 
there was a faint line at \2655.8 which could be 
the forbidden line 1'S9—2°P». More certainty in 
regard to this was not attainable due to the great 
strength of the neighboring strong Hg I line 
\2655. 

Evidently the energization of the plasma builds 
up to its maximum relatively slowly. We will 
first show that a simple ballistic consideration of 
the electronic motion does not lead us to an 
explanation. Consider an e.m.f. of 7 volts peak 
value applied around the toroid. 

The average length around the toroid along a 
line of current flow is approximately 70 cm. The 
voltage gradient impelling an electron is 0.1 sinw/, 
approx. An electron will experience an acceler- 
ation a=e sinwt/3000m = 1.7 X 10" sinw! cm/sec.”. 

Inspection shows that for sinw/ as great as 0.2, 
the acceleration, if continuously operative on a 
given electron for only 10~5 sec., would impart to 
it a velocity of 3.4108 cm/sec. Thus through 
more than 0.9 of the voltage wave, the e.m.f. is 
sufficient to impart the observed average speed 
to the electrons in 1/50 of a half-cycle or in a 
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time much smaller. (The observed speeds we 
infer from measurements of electron temperature 
discussed below.) Furthermore, if the lag in 
energization were a pure ballistic effect, then the 
current should persist and lag behind the zero of 
voltage. The observations show the current to be 
zero at the zero of voltage within the limit of 
resolution of the measurements, considered to be 
within a percent of a half-cycle. 

The electronic temperature was measured by 
probe methods. A cylindrical probe is shown at P 
in Fig. 1. In the measurements of temperature to 
follow, a plane probe with plane parallel to the 
magnetic axis and to the current of the toroid was 
used. The other electrode is a hot tungsten 
filament F shielded by box S as shown, so that 
only the emitting portion was exposed to the 
discharge. The wires connecting F and P went 
out to the end of the core C, remaining in a plane 
including the axis of the core. Hence the 890-cycle 
magnetic flux generated no voltage between the 
filament and the probe. Filament and probe, 
though spatially separated as far as possible, are 
in regions of identical potential, and the metallic 
circuit between them is not disturbed by the 
induced e.m.f.’s. 

A plot of the logarithm of probe current, 
measured at the peak, against values of voltage 
in the probe circuit yielded very good straight 
lines in the region used for temperature measure- 
ments. The straight line shows the velocity 
distribution among the electrons is Maxwellian. 
The inverse slope is a measure of electronic 
temperature. One would normally be surprised to 
find a true electronic temperature in a laboratory 
region having pressures as low as those employed 
here. The toroid, however, is in effect a plasma of 
infinite length and, as previously pointed out, 
avoids the disturbance to electronic velocity 
distribution normally caused by conditions near 
the electrodes. Besides the effective infinite length 
of the plasma there is no potential difference 
between any two points on a line of current flow, 
the electrons being subjected to a driving e.m.f. 

Table I shows electronic temperature 6 at 
various e.m.f.’s applied to the torus and at two 
different vapor pressures in the trap. 

The higher pressure yields the higher tempera- 
tures. The reverse would have been expected. The 


explanation is contained in the data showing a 
slower build-up of energy at the lower pressure as 
revealed by the current wave form and the 
stroboscopic spectral observations. The observed 
variation of maximum temperature with pressure 
shows the high electronic speeds observed are not 
simply the result of each electron in question 
making a number of excursions around the 
circuit. At the lower pressure and longer mean 
free path the electron would be expected to make 
more turns around the circuit, and hence gain 
more speed. The spectra and the measurements 
of temperature show the speeds are less at the 
lower pressure. Evidently the electronic tempera- 
ture reaches its maximum toward the end of the 
half-cycle. A longer half-cycle would give more 
time for the build-up of the energy, and doubtless 
a lower frequency could be found for which the 
pressure temperature relation would be reversed 
and hence behave normally. 

It is desirable for later analysis to know besides 
the temperature 6, the number N of electrons 
per cc. 

N was measured by using a cylindrical probe as 
a collector of electrons when charged to various 
positive potentials with respect to the hot 
cathode.’ The very large random currents and 
high electronic temperatures made it impossible 
to use a continuously applied voltage in the probe 
circuit without quickly melting the tungsten 


TABLE I. Electronic temperature. 


Trap 0°, TRAP 7.6°, 
P =0.000185 mM pP =0.000395 MM 

E.M.F. 0K 0K 
3 93,000 115,000 
3.5 141,000 180,000 
4 145,000 236,000 
4.5 160,000 279,000 
4.6 159,000 323,000 


collector. A rotating interrupter was used to 
energize the probe circuit only momentarily. The 
instantaneous probe currents were measured by 
using a cathode-ray oscillograph. The applied 
voltage in the probe circuit was supplied by a 
battery. The circuit had negligible inductance. 
The voltage between the electrodes was deducible 
from the current and resistance of the circuit 
when the battery voltage was known. The 





5H. M. Mott-Smith, Gen. Elec. Rev. 27, 617 (1924). 
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observed current was divided by the area of the 
probe. A plot was made of the squares of these 
values as ordinate, and the voltage as abscissa. 
A straight line over a large portion of the curve 
was obtained with slope S. The number of 
electrons per cc is V = 3.32 K10"\/.S. The method 
does not require a knowledge of the electronic 
temperature. Results are shown in Table II. 

The number of electrons at the maximum 
seems to vary only slightly with the applied 
e.m.f., but for a given e.m.f. varies directly as the 
pressure of the vapor. It shows that 13 percent of 
the atoms are ionized at the maximum. 

Measurements of N at the zero of voltage in a 
number of cases show that the number is about 11 
percent of the maximum. The behavior of \5461 
and other lines of Hg I at the minimum of illumi- 
nation gives a qualitative check to the minimal N. 
The current wave form exhibiting the start of 
current practically at the zero of voltage is also a 
qualitative check. Later we shall deal more at 
length with the rate of build-up of ionization 
from the observed minimum. 

At this point we can employ the observed 
maximum WN together with the electronic temper- 
ature to calculate the rate at which a normal 
atom of mercury vapor is subjected to an ionizing 
collision. 

We take a Maxwellian velocity distribution 
among the electrons and an observational curve 
of probability of the number of ionizing collisions 


TABLE II. Number of electrons per cc (N) and the number 
of Hg atoms per cc (Na). 


PEAK VOLTS PEAK AMP. N X107" Na X107-2 N/Na 
7.8 445 : F 5.7 0.13 
6.7 302 4.3 4.0 0.11 
y B 303 4.4 me 0.12 
6.7 212 3.6 2.6 0.14 


one electron of given energy makes in traveling 
one centimeter in mercury vapor of one-mm 
pressure under standard conditions. This proba- 
bility P; is taken from a curve by Nottingham.® 

Let N,dv=number of electrons in velocity 
interval v to v+dv. 

The number of ionizing collisions experienced 
per second by one mercury atom in a field of N 


*W. B. Nottingham, Phys. Rev. 55, 203 (1939). 
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Fic. 4. Values of f(@). The number of ionizing collisions 
per sec. in a field of N electrons is Nf(@). 
electrons of temperature @ we write as’ 


* PwN, 
vga) =f dv 
3.5310" 


0 
or 


. m \3 
fo) = f x4r( ) V38—mv/2kT oy. 
0 2xkT 


Changing variable to volts and writing 7=@ we 


re 
3.53 X 10'° 


have 


0.00236 : 
(0) =——— f P,ES-". 60810 F, 
a, 


Graphical integration was carried out for 
values of 6 between zero and 400,000°K. The 
resulting values for f(@) are shown by the curve of 
Fig. 4, and some values below @=20,000° are 
shown in Table III. Nf(@) gives the number of 
ionizing collisions (resulting in removal of at 
least one electron) experienced per second by a 
normal mercury atom immersed in an electronic 
gas having N electrons per cm and a tempera- 
ture 6°K. 

For a temperature of 260,000° f(@) = 118 10~°. 

Let N=6X10"; Nf(@)=7X 108. 

The values of N and @ are approximately those 
of an actual case. 

A normal mercury atom 
7X10* times per second. In mercury vapor at 
500°C the average velocity of an atom is 2.85 X 104 
cm/sec. Hence the atom on the 
average about 0.41 cm between ionizing colli- 


7 Values of essential constants are taken from E. H. 
Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1938). 
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sions. Obviously, if this be true, practically all 
the atoms should be ionized since the life in the 
normal state is so limited ; unless perchance under 
the conditions prevailing there is a probability of 
recombination of the same order of magnitude as 
the probability of ionization. Recombination in a 
plasma of mercury vapor in the region of low 
pressure here employed is considered to be 
negligible. 

Our observations show only 13 percent of the 
atoms are ionized at the maximum. The expected 
value is practically 100 percent, if we admit the 
values of @ and N as observed. If recombination is 
assumed, two difficulties immediately arise. First, 
regions of strong continuous spectrum would be 
expected near the series limits. No appreciable 
continuum can be found on numerous spectrum 
plates taken with a quartz spectrometer. Second, 
the necessary power for producing ions at the 
calculated rate is greater than the power being 
put into the discharge. Let W be the least possible 
power expended per cc in the ionizing process 
under consideration. We have W= VjeN,Nf(@) ; 
V;=ionizing potential; N,=number of atoms of 
Hg/cc=8N approx; N and f(@) are the same as 
above; W=0.56 watts/cc approx. 

The active volume of gas is approximately 
15,000 cc. Hence it would seem to require at least 
8.4 kw to supply the power for ion production at 
the calculated rate. The observed power input at 
the peak was approximately 4 kw. 

Let us leave this for a time and consider other 
points of view, namely the current expected and 
the rate at which the field of ions is created. 

At any given point of a cycle, we should expect 
the current and voltage to follow a formula due 
to Langevin. 


I=aEN\,/\/6=current amp./sq. cm, 


E=volts per cm; V=number of electrons per cc; 
\,=electronic free path ; a =constant whose value 
is approximately 3.43 X 107". 

This formula is for steady current flow, but the 
frequency used in the present work is so low that 
such a formula would be expected to apply. 

Using our case of Fig. 2(A) and assuming the 
peak current density to average about 2.2 
amperes per sq. cm and @ to be approximately 
300,000°K, we find A, to be 45 cm. The expected 
\. in the absence of ions would be about 100 cm 


and in the actual case, in which account of the 
ions is taken, the expected value is reasonably 
near 45 or somewhat lower. The agreement is as 
good as the data can be expected to vield. 

The spectral and other observations clearly 
indicate that @ increases to relatively enormous 
values toward the end of a half-cycle, while N 
rises only to a value resulting from the ionization 
of less than 13 percent of the mercury atoms. 

Let us write dN dt=aNN,— Nl. a@ is a factor 
somewhat larger than f(@), since some atoms are 
multiply ionized and also various factors besides 
single encounters are at work. / is a loss factor 
including losses at the walls and recombination. 
N,a=number of mercury atoms per cc. 

The relation indicates that lower values of N, 
should lead to a lower rate of creation of ions as 
observed. 

However, the magnitudes involved merit 
careful consideration insofar as the data permit. 
When the power expended in ionization was 
calculated above, we used 10.4 electron volts lost 
per ion. If we assume the ions to be lost at the 
walls, the energy per ion should be approximately 
160 electron volts, since the walls were observed 
to be approximately 150 volts negative with 
respect to the gas. The net result is that ions lost 
at the walls are apparently less numerous by a 
factor of twenty or more than they could be if the 
calculated rate of ionization prevails. If the 
factor N/ above is only a loss at the walls, then 
we can neglect it in comparison to aN N,. If N/is 
neglected, then dN dt turns out to be many times 


TABLE III. 
PK f(@) Ok 
5,000 1.24 10715 15,000 2.51 xX10™" 
10,000 3.86 X 10°" 20,000 1.96« 10°” 


the slow rate of build-up apparently prevailing. 
The slow rate of creation of the ionic field indi- 
cated by the observations calls for a loss factor 
that is apparently of the order of magnitude of 
twenty times the losses at the walls. 

Again we arrive at the same dilemma; too few 
ions actually created in comparison to the ex- 
pected value. We cannot conclude that we expect 
too much unless we simply say that the observed 
values of one or more of the factors N, 6 and N, 
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are in error. We have spectroscopic evidence indi- 
cating clearly that @ is high, and the electrical 
measurements of @ were relatively simple. The 
observed currents and the values expected from 
the Langevin relation were in sufficient agree- 
ment to add confidence to our measurement of N. 
The stroboscopic spectral observations show that 
the number of un-ionized mercury atoms at all 
points of the cycle must be greatly in excess of 
the ionized atoms. There seems to be no reason to 
believe there could be a scarcity of un-ionized 
atoms. 

The dilemma is quickly resolved if we postu- 
late recombination of ion and electron in the 
volume of the discharge tube, and that later, 
either spontaneously or due to the near approach 
of another electron, the atom gives up an electron 
and part or all of the energy of recombination. 
We will not outline the details of the influence of 
such phenomena on the electrical characteristics, 
but will merely point out that recombination 
varying as N? and ionic production varying as NV 
lead to an expected limitation upon N. Also the 
postulate leads to an immediate visualization of a 
means of interchange of energy among electrons. 

A somewhat similar postulate was advanced by 
Holst* to account for certain phenomena in the 
low voltage arc, but the hypothesis was shown by 
Druyvestyn’® to be apparently inadequate and 
unnecessary. It must be remarked, however, that 
the cross section for collision giving rise to the 
induced emission if taken somewhat larger would 
have removed the conclusion of inadequacy. 


8G. Holst and E. Oosterhuis, Physica 4, 42 (1924). 
°M. J. Druyvesteyn, Zeits. f. Physik 64, 782 (1930). 
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Mohler'® has in fact adduced evidence of a 
relatively large cross section for a type of collision 
in caesium vapor involving two electrons and an 
ion that approximates to the encounters postu- 
lated above. In Druyvestyn’s communication the 
electronic exchange of energy was in large part 
that caused by direct collisions of electrons. 
There has been a need for additional means of 
interchange of energy to explain some results of 
Langmuir, Dittmer" and others. The postulate we 
have made was not to explain the interchange of 
energy but was demanded from a rate of ioniza- 
tion, the energy exchange being a consequence. 

The present postulate of recombination fol- 
lowed by spontaneous or induced ionization 
accounts for many of our observed phenomena, 
and fits readily into the postulate of Holst® to 
explain the low voltage arcs. 

Obviously, the hypothesis, if tenable, is of 
fundamental atomic consequence, and evidence 
for and against it will require more consideration 
than the writer is prepared to adduce at this time. 

The observations show the desirability of 
extending the factors in the plasma by working 
with frequencies below 890 cycles; and they 
reveal a challenge from the curious reversible 
clean-up. 

This work was done in 
Harvard University. The author wishes especially 
to express gratitude for aid and encouragement 
from Professor T. Lyman and other members of 
the Physics Department of Harvard. 
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10 F, L. Mohler, Bur. Stand. J. Research 10, 771 (1933). 
11 T, Langmuir, Phys. Rev. 26, 585 (1925); A. F. Dittmer, 
Phys. Rev. 28, 507 (1926). 
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This paper describes measurements of the changes in certain physical properties of 68 
Permalloy that result from different thermal and mechanical treatments and considers them in 
relation to the domain theory. The magnetostriction varied with heat treatment from 2.5 X 10 
to 22 10~*. The change in Young’s modulus with magnetization to saturation varied from 0.09 
to 10.5 percent. The damping of mechanical vibrations was also measured as dependent on 
magnetization and heat treatment. Young’s modulus and the damping constant were deter- 
mined by measuring the natural frequency of vibration and the width of the resonance curve of 
a hollow rectangle magnetized parallel to its sides so that the magnetic circuit was complete 








without air gaps or end effects. 


HE magnetostriction, Young’s modulus and 

vibrational energy loss have been deter- 
mined as a function of the magnetization for 
specimens of 68 Permalloy each of which had 
been given one of five different mechanical or 
heat treatments. 

The alloy studied was chosen because it has a 
very small magnetic anisotropy constant! and is 
especially sensitive to heat treatment. The results 
were expected to help in elucidating the domain 
structure of ferromagnetic materials. On the 
basis of a theory? of the heat treatment in 
magnetic fields, proposed previously, it was 
predicted that the magnetostriction at saturation 
after heat treatment in a longitudinal field would 
be zero and after treatment in a transverse field 
would be } times the value obtained after the 
usual treatments. As pointed out to us by 
Mr. J. S. Marsh, the change in Young’s modulus 
caused by magnetizing to saturation should, 
according to this theory, be very small after 
heat treating in a longitudinal field, as compared 
to the changes in the material heat treated in 
other ways. In a qualitative way the measure- 
ments of magnetostriction conform well to the 
predictions—the magnetostriction of the speci- 
men heat treated in a longitudinal field is only a 
few percent of the normal value for intensities 
of magnetization below 90 percent of saturation, 


1E. M. Grabbe and L. W. MckKeehan, Phys. Rev. 55, 
1142 (1939); E. M. Grabbe, Phys. Rev. 57, 728 (1940); 
H. J. Williams and R. M. Bozorth, Phys. Rev. 55, 673 
(1939). 

?R. M. Bozorth and J. F. Dillinger, Physics 6, 285 
£1935); see also reference 11, p. 217. 


and at saturation rises to approximately 12 
percent of the normal value. A similar statement 
may be made for the variations of Young's 
modulus with magnetization. For each property 
the theory is quantitatively inadequate. 

The magnetostriction was determined by 
measuring the change in length of the rectangular 
specimen, using a mirror attached to a roller 
pressed against the specimen. An increase in 
amplification is attained by inclining the axis of 
the specimen to the direction in which the roller 
is constrained to move. The change in Young's 
modulus with magnetization was determined by 
measuring the change in frequency of mechanical 
vibration in the fundamental longitudinal mode, 
and the logarithmic decrement by measuring 
the width of the resonance curve. The methods 
are described below in more detail. 
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Fic. 1. Specimen, with windings, used for measuring 
magnetostriction and magnetization for various applied 
field strengths. The over-all length of the specimen is 
30.4 cm, its width 2.54 cm, and its cross section 0.318 cm 
square. 


1005 














BOZORTH 


WILLIAMS, 


1006 





ATTACHED ROLLER ~ 


Fic. 2. Apparatus for measuring magnetostriction. F is 
a solid framework, B (supported by flexible strips) the 
bar upon which the specimen rests, H a flexible strip 
held against roller by spring, S an adjusting screw. Ex- 
pansion of specimen moves B to right, turns roller and 
mirror and deflects beam. 


SPECIMENS AND TREATMENT 


In previous measurements of Young’s modulus 
as affected by magnetization, closed magnetic 
circuits have not used and it has been 
necessary to correct for the demagnetizing 
influence of the ends of the specimen and to 
tolerate non-uniformity of magnetization even 
in the strongest fields. This difficulty has been 
overcome in the present investigation by cutting 
the specimen in the form of a hollow rectangle 
to form a closed magnetic circuit, as shown in 
Fig. 1. Magnetizing windings were wound around 
the long sides of the specimens but were sup- 
ported by tubes to prevent the winding from 
touching the specimen. A _ negligible error is 
attributable to the four corners where the flux 
executes a rather sharp bend. 

The alloy was made from iron and nickel of 
high commercial purity, melted in a_ high 
frequency induction furnace and cast as a {-inch 
plate. This was rolled cold to {-inch and the 
specimens cut with a length of 12 inches, a 
width of 1 inch and cross section of } inch square. 
In addition to a nickel content of 68 percent, 


been 


AND CHRISTENSEN 

0.3 percent manganese was added to make the 
alloy form easily. The mechanical and _ heat 
treatments were (a) Hard rolled, 
83 percent reduction in thickness. Unannealed. 
(b) Annealed at 1000°C in hydrogen for one 
minute through 
heated to 


as follows: 


hour, cooled slowly (about 5°C 
500°C). (c) Treatment (b), then 
600°C and cooled rapidly in air (about 1000°C 

minute through 500°C). (d) Treatment (b) then 
heated to 600°C in hydrogen and subjected to a 
magnetic field of 10 oersteds which was main- 
tained during slow cooling. The applied field 
was longitudinal, that its direction 
parallel to the direction of the field applied later 


is, was 
for measurement. (e) The same as (d) except 
that the field was transverse. This was applied 
by passing a current of 30 amperes through the 
specimen from end to end. The field strength 
was thus about 15 oersteds at the surface and 
zero at the middle of the cross section. 


METHODS 


Magnetostriction 

The change in length was measured with the 
aid of the well-known combination of a roller 
and mirror. As shown in Fig. 2, the specimen is 
held about 8° from the vertical with its upper 





s 
6 


IN GA 
o 
| 
ae 


1 


~ 
: T 
£ 
P 
b 
2 
° 


0 








B-H, FERRIC IN 
vw 


th 
| 








S deeieete ieee ee ee 























co 
nv 

° 

° 

o 

° 

¢ 


Fic. 3. Magnetization curves of specimens treated in 
ways indicated. Initial permeabilities are 54 for (a), 
5700 for (c) and 3300 for (e); measurements were not 
made for the other specimens but data on similar materials 
indicate that they are 3000 to 3500. 
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Fic. 4. Apparatus for measuring Young's modulus. Specimen is held by threads at middle and 
vibrated by quartz crystals. Magnetization is controlled by current in winding. Constant temper- 


ature is maintained by water cooling. 


point fixed with respect to a heavy frame F. 
Suspended from this frame are two vertical bars 
with flexible strips at each end, and_ these 
support a heavy horizontal bar B upon which 
the lower end of the specimen rests. The roller, 
1 mm in diameter, is held between two plates, 
one of which is fastened to the bar B, and the 
other of which is fastened to the frame F, by a 
horizontal flexible strip J7. The plates were 
milled lengthwise and lapped, and a strip down 
the middle was cut to a greater depth so that 
the roller made contact only along the edges of 
the plates. The roller and plates were of hardened 
steel and were held in contact by a spring not 
shown. Another spring exerted a slight pull on 
the bar B, so that the specimen would remain in 


pecwcnccesenes 

' Cs ep 

equivacentcircuit! bs he 
OF SPECIMEN ~a! ban 


TU 1 





s ! 
Cp ' 
— eek 


) “Be AMPLIFIER e 
§ seed 





DETECTOR | 


j 


Ll cb 


Fic. 5. Electrical measuring circuit for vibrating 








specimen and measuring its relative amplitude. The 


oscillator is at the left. C, is the capacity of the quartz 
electrodes; C,’ the capacity for balancing C,; Ls, R,, and 
C;, the effective inductance, resistance and capacity of 
the specimen. 


contact at the proper points; tests showed that 
varying the tension made no difference in the 
results. The contacts at the two ends of the 
specimen were steel cones fitting into conical 
holes having a considerably larger angle. The 
magnetizing coil was wound on a frame fitting 
loosely around the specimen so that the expan- 
sion of the latter was not restricted. 

Because of the fact that the length of the 
specimen made a large angle with the direction 


of the displacement of the bar, a change in the 
length of the specimen caused a seven times 
larger displacement of the bar B than it would 
if the specimen were parallel to the displacement. 
However, the fact that the bar was constrained 
to move in a definite path by its supports did 
not permit the magnification by this factor of 
any errors due to irregularities in the dimension 
of the roller. A beam of light was reflected from 
the mirror onto a scale 2 meters distant. A scale 
reading of 1 mm corresponded to a fractional 
change in length of 1.47X10-*. The mirror 
could be rotated into the desired position by 
means of the screw S. Readings were obtained 
by first demagnetizing the specimen and then 
applying a certain magnetizing force. Measure- 
ments of magnetization were made simultane- 
ously by means of a fluxmeter. Because of the 
large thermal lag it was possible to obtain the de- 
flection due to magnetostriction before the heat 
generated in the windings caused the speci- 
men to expand on account of its change in 
temperature. Magnetization curves of all speci- 
mens are shown in Fig. 3. 


Young’s modulus 


The change in Young's modulus with magnet- 
ization was determined from measurements of 
the natural period of longitudinal vibration 
before and after magnetization. As shown in 
Fig. 4, the specimen was held by two stretched 
threads, one above and one below the specimen, 
and was excited in the longitudinal mode by 
impressing an alternating voltage on four quartz 
crystal plates, each 25X3X0.5 mm, placed on 
opposite sides of the two long arms of the 
specimen, at the middle. The quartz crystals 
were cut in the usual way in the (1120) plane 
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Fic. 6. A typical resonance curve. The unit of the 


condenser setting is 0.60 10~° microfarad. The calculated 
curve is adjusted for maximum height and for width at 
half-maximum. The ordinate (read as microamperes) is 
proportional to the square of the amplitude of motion of 
the specimen. A change in frequency of one cycle corre- 
sponds to a change in condenser setting of 37 units. 


with the mechanical axis [1100] parallel to the 
long dimension and were covered on_ their 
largest surfaces by aluminum deposited from 
the vapor. They were cemented to the specimen 
with a thin layer of sealing wax. As shown in 
Fig. 5, leads from the aluminum-covered surfaces 
pane the crystals in parallel to the rest of 
the circuit. This method of excitation and 
measurement were suggested to us by Mr. R. F. 
Wick of these laboratories. Magnetizing windings 
were wound around water-cooled supports which 
surrounded the specimen and were maintained 
at a constant temperature. 

The oscillator, able to cover the range from 
20 to 100,000 cycles per second, was connected 
to a transformer with primary and secondary 
impedances in the 1:2. A tap in the 
middle of the secondary was connected to an 
amplifier having a gain of 90 decibels, the output 
of the amplifier to a rectifier and this to a 
microammeter, the readings of which 
proportional to the mean square voltage at the 
amplifier input. The electrical effect of the quartz 
plates and specimen are simulated by capacity, 
inductance and resistance as shown. The ca- 
pacity was balanced by adjusting the condenser 
in the other arm of the bridge when the frequency 
was far from the resonant frequency and the 
output of the amplifier-detector was measured 
as the frequency was changed in small steps in 
a range including the resonance. 

Changes in frequency were determined accu- 
rately in terms of the setting of a carefully 
calibrated variable air condenser of total ca- 
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Magnetostriction as a function of. magnetization 
for specimens treated as indicated. 
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pacity 0.0015 microfarad, placed in parallel with 
the main condenser of the oscillator. The 
smallest division on this condenser corresponded 
to a change in frequency of one part in 3,000,000 
at 7000 cycles per second. The over-all error in 
measuring fractional changes in frequency is 
estimated as less than one part in 1000. 

The frequency of resonance f permits calcula- 
tion of Young’s modulus E by means of the 
relation 


f=(n/21)(E/p)! (1) 


appropriate for longitudinal modes with a node 
at the middle. Here / is the effective length of 
the specimen, p is the density and m an odd 
integer. Because of the added weight on the 
end of the specimen the effective length / was 
not the measured length J). The ratio of these 
lengths was determined by comparing the reso- 
nant frequency of the hollow rectangular speci- 
men with that of a single straight square rod 
cut from one side of the same specimen, and 
found to be 


bdo 


l ly= 1.048. ( 


The frequencies were determined accurately 
the manner described by Stansel.* 


3F, R. Stansel, Bell Lab. Record 19, 98 (Nov. 1940). 
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The effect of the quartz crystals on the 
stiffness of the composite bar was investigated 
by driving the unannealed specimen first in the 
usual way described above, and then, after 
removing the crystals, by driving magnetically 
in the manner described by Wegel and Walther! 
using the specimen itself as one of the magnetic 
elements. The difference in the frequencies 
obtained by the two methods was less than 
0.05 percent, and led to the conclusion that the 
modulus measured was, in fact, that of the 
magnetic specimen and that no appreciable 
error was caused by the presence of the quartz. 


Damping 

The decrement 6 was derived from the width 
of the resonance curve at half-maximum. The 
deflection d of the meter at the output of the 
amplifier, is proportional to the square of the 
amplitude of vibration of the specimen, and the 
frequency f of the oscillator is inversely propor- 
tional to the square root of the capacity C in 
its tuning circuit. Thus we have the following 
relation between 6 and Af, the full width of the 
d vs. f curve at its half-maximum value, do/2: 


5 = (Af /fo) = (w/2)(AC/Cy). 


Here fo and Co are the frequency and capacity 
for resonance, AC is the change in capacity 
between the two points at which d is do/2, and 
Af is the change in frequency corresponding to 
AC. A typical resonance curve is shown in Fig. 6. 
The points are observed, the curve is that 
calculated from the relation 


C—Co=(Co/x)[(do—d)/d} 


in which 6 is adjusted for best agreement. 
Measurements of 6 were all made with the 
specimens vibrating with approximately the 
same amplitude at resonance. This was accom- 
plished by adjusting the output of the oscillator 
until the value of d at resonance was about 
200 microamperes. The amplitude of the bar 
was measured by Bragg’s method’ when an 
unusually high voltage was applied to the 
crystals, and extrapolation to the low power used 
in the experiments indicated that under these 


r 


conditions the amplitude was about 10~* cm,‘cm. 





*R. L. Wegel and H. Walther, Physics 6, 141 (1935). 
5 W.H. Bragg, J. Sci. Inst. 6, 196 (1929). 
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RESULTS AND DISCUSSION 


Magnetostriction 


= 


Figure 7 shows the magnetostriction for the 
various specimens as dependent on the magnet- 
ization. The magnetostriction at saturation is 
greatest for the specimen heat treated in a 
transverse field and smallest for the one heat 
treated in a longitudinal field. The magneto- 
striction for the latter is negligible up to a flux 
density of approximately 12,000 gauss and then 
increases to only 2.3 107°. According to domain 
theory, when a specimen is heat treated in a 
longitudinal field the domains tend to lie in the 
direction of the applied field and after de- 
magnetization they are either parallel or anti- 
parallel to this direction. When a field is applied 
in the direction of the original field, magnetization 
consists of 180° reversals which are not accom- 
panied by any change in length. This corresponds 
closely to the observations. 

A large contraction of the specimen heat 
treated in a longitudinal field was effected by 
passing a current of several amperes along the 
axis. This is also in accordance with the domain 
theory outlined above. 











Fic. 8. Magnetostriction of specimen (2) heat treated 
in a transverse field, plotted against the square of the 
ferric induction. 


In a specimen that has been heat treated in a 
transverse field the domains lie perpendicular to 
the direction of the field applied during subse- 
quent measurement. For such an arrangement 
for a random distribution such as may be 
expected after the usual anneal followed by slow 
or rapid cooling. This is an effect similar to the 


the expected magnetostriction is thus } of that 


unusually large magnetostriction in nickel under 
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Fic. 9. Percent increase of Young’s modulus as de- 


pendent on the magnetization for the specimens treated 
In various ways. 


tension, predicted by Becker and Kersten® and 
observed by Kirchner.’ Lack of perfect agree- 
ment with our observations is probably due to 
nonperfection of alignment, especially of those 
domains lying near the axis of the bar where the 
field present during the heat treatment was very 
small. 

The 
proportional to the square of the magnetization, 
as shown in Fig. 8. This relation is to be expected 
if the domains are oriented at right angles to the 
axis before magnetization and parallel after- 
wards. If @ is the angle between the axis of the 
specimen and the direction of magnetization in 
a domain, the change in magnetization due to 
the reorientation by the field is proportional to 
cos@ while the change in length is proportional 
to cos*6; thus the change in length is proportional 
to the square of the change in magnetization. 

The difference in the lengths of a specimen in 
the demagnetized state and at remanence was 
found to be only 5 to 10 percent of the change 
in length that when magnetized 
originally to saturation. 
observed in magnetic materials generally and is 
to be expected because the difference in the 
lengths in the two states (demagnetized and at 
remanence) is accomplished by 180° reversals 
of domains which contribute nothing to the 
length. 

The magnetostriction at 
unannealed specimen is considerably less than 


magnetostriction of this specimen is 


occurred 


This is commonly 


saturation of the 





®R. Becker and M. Kersten, Zeits. f. Physik 64, 660 


(1930). 
7H. Kirchner, Ann. d. Physik 27, 49 (1936). 


AND CHRISTENSEN 

that of the annealed specimens cooled slowly 
(b) or rapidly (c). Similar observations on iron 
have been made by Brown,’ while Schulze’ has 
observed a greater magnetostriction in unan- 
nealed than in annealed nickel. These may be 
due to non-uniform distributions of the orienta- 
tions of domains resulting, perhaps, from a 
preponderance of axial strains, but sufficient 
experiments have not been reported to give a 
definite conclusion. 

Previous to this work, Kaya! measured the 
magnetostriction of various iron-nickel alloys as 
a function of the magnetization for specimens 
which had been cooled in a magnetic field, cooled 
rapidly, cooled slowly, and aged. For the 70 
Permalloy, the magnetostriction at saturation 
was 2.7X10-® for the specimen cooled in the 
magnetic field, and 11X10~° for the other three 
specimens. The former value is in good agreement 
with our result; the latter value is considerably 


less than our result and also less than that 
given in Marsh’s compilation." 
Young’s modulus 

The variations of Young’s modulus with 


magnetization are given in Fig. 9 for all of the 
specimens except the hard-worked one, the data 
for which are shown on a different scale in Fig. 10. 
The increase in Young’s modulus for saturation 
is slightly over 10 percent for the rapidly cooled 
specimen and is only 0.088 percent for the cold- 
rolled specimen. This is in qualitative accord 
with the theory that this increase in Young’s 





-———— 











Fic. 10. Percent change of Young’s modulus of the 
unannealed specimen. 


‘W.F. Brown, Jr., Phys. Rev. 50, 1165 (1936). 

* A. Schulze, Ann. d. Physik 11, 937 (1931). 

1S. Kaya, J. Faculty Sci., Hokkaido Imp. Univ. 2, 29 
(1938). 

"J. S. Marsh, Alloys of Iron and Nickel: I, Special- 
Purpose Alloys (McGraw-Hill Book Company, Inc., New 
York, 1938). 





wly 
iron 
has 
an- 

be 
ita- 
la 
ent 


Ca 


the 
5 as 
ens 
led 

70 
ion 
the 
ree 
ent 
bly 
hat 


29 


al- 


CW 





MAGNETIZATION AND 


modulus should vary inversely as the internal 
strain, the latter being measured by the initial 
permeability. In the case of the rapidly cooled 
specimen the domains are not “frozen in’’—the 
internal strains are small—and therefore a stress 
will rotate them easily and Young’s modulus for 
the demagnetized state will be considerably 
below that for saturation. 

The internal strains for the cold-rolled speci- 
men are large and any applied stress has com- 
paratively little effect on rotating the domains. 
The theory of Kersten” may be applied in a 
quantitative way to this specimen. It gives a 
relation between the value of A/D Eo attained at 
saturation, AZ,’ ko, and the magnetostriction at 
saturation, A,, the initial permeability, uo, and 
the saturation magnetization, J,: 


AEF, Ey=(9 20m )A,"wolXo T,?. 


According to our observations, A,=9X10~°, 
po =54, Hy=1.82X10", 4xr7,=13,100 and the 
calculated value of AE,/E,» is, therefore, 0.10 
percent, a value to be compared with the 
experimental value, about 0.088 percent. Al- 
though in our measurements the magnetization 
has been carried closer to saturation, and still 
maintained uniform, than in previous measure- 
ments on any hard-worked material, a_ fact 
made possible by the closed magnetic path, 
there is still some uncertainty in AZ, / Ey») because 
heating of the specimen by the high magnetizing 
current is likely to occur and change the modulus. 
With this reservation in mind, it may be stated 
that the agreement between theory and experi- 
ment is good. 

TABLE I. Values of Young's modulus of specimens in 


the demagnetized (Eo) and saturated (E,) conditions, after 
various treatments. Units are dyne-cm ~?. 


TREATMENT Eo X1078 EE, X10-" AE, /Eo 
(a) Unannealed 1.8145 1.8161 0.00088 
(b) Cooled slowly 1.783 1.870 0.049 
(c) Cooled rapidly 1.654 1.826 0.104 
(d) Cooled in longi- 

tudinal field 1.843 1.930 0.047 
(e) Cooled in a trans- 

verse field 2.105 2.181 0.036 


2M. Kersten, Zeits. f. Physik 85, 708 (1933); Zeits. f. 
Metallkunde 27, 97 (1935). See also N. Akulov and E. 
Kondorsky, Zeits. f. Physik 78, 801 (1932); 85, 661 (1935); 
and reference 15, p. 339. 
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Fic. 11. The decrement as dependent on the magnetiza 
tion for the heat treated specimens. The decrement of the 
unannealed specimen at B=0 is 0.00053. 


The absolute values of Young’s modulus for 
the specimens in the demagnetized state /y are 
given in the second column of Table I. Since the 
lengths of the specimens were all the same the 
moduli were proportional to the squares of the 
natural frequencies of vibration, and the con- 
stant of proportionality was determined from 
Iq. (1). The fractional changes when magnetized 
to saturation, A#,/Ho, are given in the third 
column, and the modulus at saturation, E,= 
+AK,, in the last column. It will be noted that 
E, does not have the same value after the 
various treatments, as it would be expected to 
have according to the domain theory. The 
reason for this requires investigation. A con- 
siderable difference in the values of /, for the 
unannealed and the annealed states has also 
been observed by Cooke" who found that in 
iron the modulus of saturated unannealed iron 
(1.86X10") was less even than that of de- 
magnetized annealed iron (1.9910"). On the 
other hand a decrease in the modulus on anneal- 
ing has been observed for nickel." 

Our values of Ey and AE,/E, for the slowly 
cooled alloy are close to those observed by 
Nakamura!® for a slowly cooled alloy containing 
70 percent nickel. His values were 1.9010" 
and 3.6 percent, respectively. 

Little can be said regarding the way in which 
AE, Eo changes with magnetization since our 

8 W. T. Cooke, Phys. Rev. 50, 1158 (1936). 

4 E. Giebe and E. Blechschmidt, Ann. d. Physik 11, 
905 (1931). 


'8 KX. Nakamura, Sci. Rep. Tohoku Imp. Univ. 24, 303 
(1935). 








1012 WILLIAMS, 
measurements of reversible permeability and 
reversible change of magnetization with tension 
were not complete enough to deduce from the 
observed quantities the values of AE /E» corre- 
sponding to zero eddy-current shielding. 


Decrement 

Figure 11 shows the logarithmic decrement 6 
as a function of the magnetization for the 
various specimens. Two different specimens were 
similarly treated in a longitudinal magnetic field 
and measured to see how well results could be 
duplicated. As shown by the two curves the 
decrements differed by about 20 percent at 
inductions well below saturation, the general 
shape of the curve remaining the same. As 
pointed out by Becker'® there are three kinds 
of magnetomechanical energy that 
occur when magnetic materials are subjected 
to mechanical vibrations: macro-eddy-current 


losses in 


losses, micro-eddy-current losses, and magneto- 
mechanical hysteresis. When the net magnetiza- 
tion over the specimen is zero there will be no 
macro-eddy-current loss; thus the initial points 
on our experimental curves refer to the combined 
losses of micro-eddy-currents and magneto- 
mechanical hysteresis. Some preliminary experi- 
ments of ours in which 6 was measured as a 
function of frequency, indicate that at the 
frequency (f=7300) used for the experiments of 
Fig. 10, about two-thirds of the losses in the 
slowly cooled specimen (treatment (b)) are due 
to micro-eddy-currents, and that the domain 
size calculated from these losses by Becker’s 
method are approximately 107-8 cm’, a size 
lying just in the middle of the range of sizes 
determined for a variety of materials by previous 
measurements" of the Barkhausen effect. 

The courses of the 6 vs. B—JI curves may be 
compared with those previously observed for 
iron and nickel. For annealed iron" measured at 
f=56,000 the curve rises to a high maximum at 


1R. Becker and W. Doéring, Ferromagnetismus (J. 
Springer, Berlin, 1939), p. 357. 

17R. M. Bozorth and J. F. 
733 (1930). 


Dillinger, Phys. Rev. 35, 


BOZORTH 
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about three-fourths of saturation and then falls 
to a low value at saturation; this course corre- 
sponds roughly to our curve for the slowly 
cooled specimen. For annealed nickel,'® on the 
other hand, the value of 6 decreases continually 
as (B—TI//) increases; this corresponds to our 
rapidly cooled specimen. What factors determine 
the shapes of the 6 vs. B—JT curves is not now 
understood, but we expect that such an under- 
standing will be helped by the separation of the 
losses into their components. 

A calculation of macro-eddy-current losses in 
the rapidly cooled specimen (c) shows that at 
high intensities of magnetization these losses 
comprise the major portion of the total losses 
observed. The unusually high decrement of this 
specimen at B=0 is what would be expected 
from its high initial permeability of 5700, 
assuming the loss to be due mainly to micro- 
eddy-currents. The low decrement, 0.00053, of 
the unannealed specimen (a) in the unmagnetized 
condition may similarly be attributed to its low 
initial permeability, 54. The intermediate values 
of the decrements of the other specimens at 
B=0 are to be expected, but in view of the lack 
of the proper data necessary for a separation 
of micro-eddy-current and magnetomechanical 
hysteresis losses the different the 
decrement cannot be attributed with any assur- 
ance to differences in domain size or magneto- 


values of 


mechanical hysteresis constant. As mentioned 
above we have already made some experiments 
to obtain the data necessary for a separation of 
these losses into their components. 

We wish to express our indebtedness to 
Messrs. R. L. Wegel and R. F. Wick of these 
laboratories for the benefit of discussions con- 
cerning the methods of measurements of Young’s 
modulus and damping, and to Professor W. F. 
Brown, Jr., of University for a 
discussion of eddy-current shielding in bars of 


Princeton 


square cross section. 


18S. Siegel and S. L. Quimby, Phys. Rev. 50, 1165 


(1936) and reference 14. 
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It is assumed that atoms in the surface of a liquid can 
be in energy states appropriate to a two-dimensional 
monolayer, determined wave-mechanically from the area 
and shape of the surface. It is then proved that in Bose- 
Einstein statistics there exists a tendency for atoms to 
pass over into such states in preference to the three- 
dimensional states normally occupied, when the tempera- 
ture reduces to the Einstein A-point given by 7> where 

nh3(2xrmkTo)~*? = 2.612, 
n being the number of atoms per unit volume. It is sup- 
posed that if a single monolayer has almost completely 
passed over into the two-dimensional states, then a new 
surface at once presents itself, accessible to the formation 
of another monolayer. In this case the change-over from 
three-dimensional states to two-dimensional states can pass 


INTRODUCTION 


HE, for the most part, unexplained prop- 
erties of liquid helium have been well 
reviewed by H. Jones;! they will not be described 
here. Fréhlich? pointed out that the transforma- 
tion from He II to He I at the A-point is very 
similar to an order-disorder transformation, but 
there seems to have been no precise suggestion 
as to how such a transformation could occur in a 
liquid. On the other hand London® pointed out 
that the Einstein critical point in Bose-Einstein 
statistics falls very close to the observed \-point 
in the case of helium. However Fowler and 
Jones‘ proved that no discontinuity, such as that 
actually observed in the value of the specific 
heat, can possibly occur at the Einstein point 
for a simple Bose-Einstein system; the theo- 
retical discontinuity is only in the temperature 
gradient of the specific heat. 
From the experimental data, however, it is 
quite clear that He II is not a simple one-phase 


1H. Jones, Reports on Progress in Physics 6, 280-296 
(1939). 

2H. Frohlich, Physica 4, 639 (1937). 

’F. London, Proc. Roy. Soc. A153, 576 (1936). 

*R. H. Fowler and H. Jones, Proc. Camb. Phil. Soc. 34, 
573-576 (1938). 


almost to completion, so that at temperatures sufficiently 
below 70, nearly the entire liquid is arranged in concentric 
shells which contain atoms in mutually independent sets 
of two-dimensional energy states. Essentially, it is an 
order-disorder transformation. Two parameters appear in 
the analysis: the proportion of the space actually occupied 
at any stage of the transition by monolayers which is also 
accessible to atoms in the three-dimensional states, and 
the relative numerical density per cm? of atoms in a mono- 
layer. By reasonable choices of these parameters a good 
fit is obtained with the shape of the experimental specific 
heat curve plotted against (7/7>), although the theory 
still predicts too high a value for 7», namely 3.09°K. The 
theory explains the thermomechanical or ‘‘fountain”’ effect, 
and suggests a reasonable interpretation of the surface 
transfer phenomena. 


system; there is always a mobile film—pre- 
sumably built up from monolayers—in equi- 
librium with the main body of the liquid. Atoms 
of the liquid may have energy states given by 
the usual expression 


e,=h?(s?++u*)/8mVi, s,t,u=1,2,---, (1) 


where V is the volume of the liquid. Atoms in 
the monolayers, assumed plane of area A, will 
have states given instead by 


€m=h?(s*+2*°)/8mMA, s,t=1,2>++-. (2) 


The correct statistical argument should include 
a discussion of the equilibrium between these 
two competing sets of states; and this was not 
done in the work of Fowler and Jones.‘ 

In specific heat measurements it is not usual 
to provide the special surface required for the 
formation of mobile films. Nevertheless, the con- 
tainer itself (and the free surface of the liquid if 
in equilibrium with its vapor) constitutes a 
surface area accessible to monolayer states. It is 
shown below that at the Einstein critical tem- 
perature there exists a tendency for atoms to 
pass over into the monolayer states in preference 
to the three-dimensional states normally occu- 
pied. It is supposed that when the surface atoms 
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have almost completely passed over into the 
two-dimensional states, the monolayer so formed 
at once presents a new surface accessible to the 
formation of another monolayer, and so on. 
In this way the change-over from the three- 
dimensional states (1) to the two-dimensional 
states (2) could ideally pass to completion, so 
that at temperatures sufficiently below 7» nearly 
the entire liquid would be arranged in concentric 
shells with mutually independent sets of two- 
dimensional states. 

If the region occupied by the multi-layer of 
atoms in two-dimensional states were completely 
inaccessible to atoms in the three-dimensional 
states, then we should be faced with a true iso- 
thermal phase change, with a latent heat at the 
critical temperature: In other words, the specific 
heat curve would have an infinity at 7» while 
remaining normal elsewhere. But in practice the 
space occupied by the multi-layer cannot be so 
completely shut off ; it must be possible for atoms 
in the three-dimensional states to penetrate them 
to some extent. In this case we shall have a 
gradual change-over with an anomalous specific 
heat beginning with a finite discontinuity at 7». 

Essentially the phenomena are due to an 
order-disorder transformation; the multi-layer 
condition is relatively ordered, each monolayer 
being practically an independent unit with rela- 
tively simple structure. But while previous order- 
disorder have been due to 
inter-atomic forces and depended essentially on 
the presence of a definite lattice structure, here 
the interatomic forces play no part whatever, 
and indeed the entire absence of a definite lattice 
structure seems to be a necessary condition for 
the existence of the ordered multi-layer condi- 
tion, whose energy states are in resonance with 
the surface of the container. 


transformations 


GENERAL THEORY 
Consider N structureless mass particles divided 
between two phases, the one contained in a box 
of volume V, the other confined to a plane surface 
of area A. The stationary states of a particle in 
the box will be given by® 


ep=h?(s?+t2+u*)/8mVi, s,t,u=1,2,---, (1) 


5 R. H. Fowler, Statistical Mechanics (University Press, 
Cambridge and Macmillan Company, New York, 1936), 
second edition, 2.5, 2.7. 


AND W. 


BAND 


while those of a particle in the surface will be 


€m =h*(s?+2*)/8mMA, s,t=1,2,++-. (2) 


The numbers in the two phases can be found in 
the same way as in the problem of a single 
separate phase :° 


N= >d Dd Nexp(—jh?(s?+2+u*) /8mkT V3), 

scopes (3) 
where X is the statistical parameter determined 
by (8) below and 


n 

Nn=>d dX M exp(— jh?(s?+22)/8mkTA). (4) 

s,t j=1 

In the treatment given by Fowler and Jones‘ 
of the first of these sums, the series is evaluated 
by means of a @ function transformation applied 
to a finite set of the terms, and the remainder 
series is shown to vanish when N,—~, as long 
as \<1. The result is 


N,=(2amkT)'Vh-3 > d7/7}. (5) 
j=1 


When 7'<7> defined by 


(N,/V)h3(2emkTy)=1 (6) 


then A\—1 and the remainder terms, neglected 
from (5), have to be taken into consideration. 
The corresponding result for the two-dimensional 
states is easily shown to be 


Nm=2armkTAh-? > d//j, (7) 
7=1 


the analysis being an obvious adaptation of that 
given by Fowler and Jones.‘ 

When both sets of states are possible, the total 
number of atoms JN is shared between them, and 
the equation determining A is then 


N=N.t+WNn. (8) 


But with this relation, when 7 <7, it is the N,, 
term which becomes significant instead of the 
remainder terms neglected from (5). In fact A 
never becomes near enough to unity to vitiate 
the approximations in (5) and (7). 

The above expressions do not take into account 
the fact that, at least with arrangements used in 
specific heat measurements, the two sets of 
states are competing for atoms in one and the 
same enclosure. To do this, let o be the fraction 
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of the volume occupied by the multi-layer of 
two-dimensional states which is excluded from 
the volume accessible to the atoms in three- 
dimensional states. Then if V stands for the total 
volume of the container, and we write 


oo = (2armk)' Vh-?, (9) 
the correct form in place of (5) will be 
Ni =o0T (> 4/7) 1—0(N—N,)/N]. (10) 
j= 1 
Here (N—N,) V/N is the volume occupied by the 
multi-layer states assuming no appreciable 
change in bulk density. Writing 


x 


a=> 1/7 
d l 
so that 
TY? = N ADs \ 1 1 ) 


and solving (10) for N;: one obtains 


Ty! pod /} 
waz) FO) 
Ty a 


where -(12) 
. T\? Fd /;} 1 | 
l-—o Ts a 


Comparison of (12) and (10) shows that evi- 
dently W is the correction factor on the volume 
accessible to the three-dimensional states, ex- 
pressed as a function of 7. 

Again the area accessible to the two-dimen- 
sional states is increased by the presence of each 
monolayer. If the number of atoms per mono- 
layer is N;, write 


p=Ni/N, 13) 
and Eq. (7) should be replaced by 
Nin= mT > M/A [1 +hN,,/N*], (14) 
j=1 
where 
odm=2armkAh-. (15) 


Here uN,,/N! is the number of monolayers, and 
this multiplied by A is the added area, since each 
monolayer provides a new area. This formula 
neglects the fact that the area of inner mono- 
layers will be less than A in a manner depending 


on the shape of the container. Putting 
Pm y(¢do)* W here Y A(aV)-5, 16 


and solving (14) for NV,,, one obtains 


T 1 
Nn~=? vi( ) loe( Jo. 
Ty i=) 


where 17) 


[ona )) 
To 1—A 


Comparison of (17) and (14) again shows that © 
is the correction factor for the accessible area, 
expressed as a function of 7. 

The equation determining 4 now becomes 


Ty 'roM/ 
-(- I= 
To ae 
T 1 
+yN a ) toe( Jo (18) 
To 1—A 


So long as 7 >7 >, the value of A is very accu- 


rately given by 


‘ 
> M/Pf=alT/T5)-?. 19) 
j=1 

This makes ¥ = 1, and the coefficient of © in (18) 

remains practically zero due to the factor N~, 

which in practice is around 10~°. But as soon as 

T<T >, \} must approach unity near enough to 

make the © term appreciable; this is because 

neither W nor [(>-\’/j!)/a@] can ever be greater 
than unity. From (17) © can become very large 
about 107 is required—only by making 


| 
1—A 


This gives, from (17) 
Nu=N'O/p. (21) 


Equation (20) must remain true for all 7 less 
than 7», and may thus be differentiated to give, 
for this range, 


Nm 
Nm 


Tdd/dT = —Ty(1—X)/ Tpy. 


Because in practice 4~0.1, Eq. (20) also re- 
quires 1—A<1 for 7<7>, so that (18) may, for 
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this range, be written approximately as 


2 


T\? i 1 
=( -) V+y7N ( -) oe( Je. 
To To 1-—A 
Also 
o T ‘| l 
-(e-QT & 
1l—o T 


and hence 


2 dv 3 T\'/ o 
Vv+-T -¥[1+ v( ~) ( - )I (25) 
5 dT 5 Ty l—o 


These results will be needed in the next section. 
Differentiation of (23) gives 


T\'s dv 1/7 \} 
(OC) 
T» dT 2NT% 


1 d@® 
4+-N |r -0| (26) 
i” dT 
Using (24) and (25) this leads to 
dQ 
0-—T— 
dT 
1 T\! o 
=uN'| 14+ -) {1+34( _- -) | (27) 
2 To l—o 
On the other hand (18) and (20) lead to 
T\} 
@= uni} 1—-( ) vl, (28) 
wm? 
so that 
1 dO 
0+-T— 
2 dT 
T Z| 7 3 o 
= yl ‘{1—v(—) +-4(—— | (29) 
T) \4'4 \1- 


and, near Jo, using (27), (28) and (¢/1—o¢)>1: 


d® T\'?3 o 
r = uN +) v( ). (30) 
dT T 7 2 l-—o 


Equations (29) and (30) will also be needed 
later. 
THE Speciric HEAT 


The mean energy per atom in either set of 
states is given by the known formulae. Thus for 


AND W. 


BAND 


the three-dimensional states we have® the total 
energy for a volume V 


0 ee 
B= ¥ > — 
oT 


Xexp(— jh?(s?+2+u") smvier) | 


This series can be summed, leading to 


Ms 


E, = $kT(2amkT)}(V/h*®) © 4/757. (31) 


7=1 
Comparison with (5) gives the mean energy per 
atom 


E./Ni= 3kT(>-M/7*!*) /(3 4/77"). (32) 
Similarly, the energy for the two-dimensional 
states in an area A is 


0 00 
Xexp(— jh?(s°+2°)/8mkTA | (33) 


which can again be summed by similar methods, 
giving 


En=kT(2aemkT)(A/h*?)> d/7. (34) 


j=l 
Comparing this with (7) gives the mean energy 
per atom as 


En/Nm=kRT(>/73)/(3-4/)3). (35) 

The volume and area corrections involved in 
(12) and (17) evidently do not affect the mean 
energy per atom in either case, so the ‘total 
energy of the system is now given by (12) and 
(17) with (32) and (35) as 


3 T\ EN /j5"2 
E= vet(—) |v 
2 Ty Qa 


~ 


T 
+rkvir(— Joe PO. (36) 
0 

Above T>T>, the © or N,, term can be 
neglected, and the specific heat is the same as 
that given by Fowler and Jones for this range, 
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approaching, at 7=7>, the value 


write \=1, so that, say, 


C,=(15/4)(B/a)NkR=1.92Nk. (37) zk r 
> M/PLeTD 1/pr=—zB 38 
Below 7 < 7» we use (25) and (29), and in (36) 1 j=! 
Thus 
15,8 2 d¥ 1 do 
C,=dE/dT= NR(T T)| w+ T +208 T Tien} 04 T | (39) 
4a 5 62. 2 dT 


15 


58 3 o T\? 
= vac To) 14 v( )( ) 
4a 5 l—o Ty 


y 


T\1(7 3 o | 
srannecr/taft—v(2) [2+59()}] ao 
T,/ \4 4 \t-o/) 


Evidently the specific heat curve depends on 
the two parameters a, and wy. To see the physical 
significance of the latter, refer to (13) and (16), 
which give 
uwy=na-! where »=(N/V)!/(N,/A). (41) 
Thus 7 is the ratio between what may be regarded 
as the ordinary density per cm? in the liquid 
say the density in the surface of He I—and the 
density per cm? in a single monolayer of He II. 
Putting the numerical values of a and £ in (40), 
this equation can be written in the form 


C,/1.92Nk=1.45(T/T>) 


+¥|1-2.52y -|(=) 
To Ty 
T =r T\'3/ o 
+¥"]1-1.80(—) (—) -( ) (42) 
To | zc 5 1—o 


The best fit with the experimental points was 
found with (1.8)yn=1/11, o=11/12, see curve 
(A) in Fig. 1. This curve is not steep enough 
between (7°/7))=0.99 and 1.00, and too steep 
between 0.99 and 0.95. Some improvement in 
this respect is shown by curve (B), where 
(1.8)n={, ¢=25/26, but this curve has too large 
a discontinuity at 7». This trouble could be 
eliminated by taking o and 7 as functions of 7. 
Physically such a procedure would mean that 
the first few monolayers were practically im- 
penetrable to atoms in the three-dimensional 
states, with o/(1—¢) very large indeed and 


(1.8)y almost unity to maintain the discon- 
tinuity at 7») at the desired value. Inner mono- 
layers, however, would have to be more pene- 
trable, to let ¢/(1—¢) reduce when 7°<0.997%, 
so flattening out the curve. 

But in any case the values of » seem unfortu- 
nately small, requiring too large a density in the 
monolayers, and the theory still requires too 
large a value of J), namely 3.09°K. The above 
procedure for improving the shape of the curve 
would, therefore, probably be forcing the model 
too far. Perhaps the correct way to improve it 
would be to include structure in the mass par- 
ticles, so that internal energy states would 
appear in the expressions (1) to (4). In general, 
the above agreement is as good as can be 
expected with the simple model used. 


THERMOMECHANICAL AND TRANSFER 
PHENOMENA 


Consider two box enclosures connected only by 
capillaries, whose total area is large enough to 
compare with the surface of the two boxes. 
Suppose the temperature of both is just below 7», 
so that the change-over from three-dimensional 
states to two-dimensional states has just set in, 
only a relatively few monolayers having been 
formed. Formulae (12), (14) and (17) still apply, 
with A interpreted as the larger (fixed) area, 
with a correspondingly larger value of y. From 
(21) one derives 


d —*) Nn 1 dO 
seonilll: suniar Migipensine cant es, 43) 
a A A @dT 
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Fic, 1. Specific heat of He II near the \ point. 


which by (30) near 7) becomes, with ¥=+ 1, 


d Nm 
T— loe(—* =r 
dT A 


3/T\'/ o T\!'7"! 
OMT: « 
2\T» l—o T» 
The infinity at 7» is, of course, due to the 
approximations made in deducing (28): but it is 
nevertheless true that the density JN,,/A is 
enormously sensitive to minute temperature 
changes slightly below 7». 
If one of the box enclosures is now maintained 





at a very slightly lower temperature than the 
other, both slightly lower than To: 74<7Tp<To, 
then the film close to ‘‘A’’ will tend to be enor- 
mously more densely populated than that close 
to “B’’; a rapid diffusion must then be expected 
in the film from A to B, as actually observed in 
the ‘‘fountain”’ effect.' 

Mean energies per atom in the two sets of 
states are approximately given by (32) and (35) 


AND W. 


BAND 


using (20): 
T 
E,/Ni= 3kTB/a; Em Na=kT(— Jaw (45) 


0 
Their ratio depends only on the product py, 
which, as seen above, depends only on the rela- 
tive density of the individual monolayers. Thus, 
using (41) 


(Em/Nm) + (Ei/ Ni) = §na*!*®T/BTo. (46) 


Taking »=1/20, consistently with the values 
used above, this gives roughly 


(En ‘Ni) + (Ei ‘N,)=0.04. (47) 


The total difference in heat content per gram for 
atoms in the two conditions works out as about 
0.6 calorie, which is of the same order as the 
specific heat of He I, and thus sufficient to ac- 
count for the observed thermal effects of flow 
through capillaries.' 

The surface transfer through capillaries under 
slight level differences! in the connected con- 
tainers appears to be impossible to explain in 
great detail without a full discussion by means of 
perturbation theory of mobile films. However 
this much seems worth noting: The monolayers 
must exert a tremendous linear pressure tending 
to cause occupation of all accessible areas; equal 
in fact to N,,kT/A which, with N,,~10*, is of 
the order 10° dynes per cm! Since accessible area 
is increased by subdivision of volumes, this 
tendency will qualitatively account for the ob- 
served spreading phenomena. From this point of 
view the small level differences between the 
connected enclosures are merely incidental, the 
true cause of the transport being the very much 
larger intrinsic linear pressure of the film. 
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On the Theory of the Thermal Diffusion Coefficient for Isotopes. II 


R. CLARK JONES* 
Research Laboratory of Physics, Harvard University, Cambridge, Massachuseti 
(Received March 11, 1941) 


The temperature dependence of the thermal diffusion 
constant a of a mixture of isotopes is determined for the 
9,5 Lennard-Jones model of intermolecular forces by the 
use of the Chapman-Enskog theory of transport phenomena 
in gases. The treatments of the Sutherland model and the 
special Lennard-Jones model given in the first paper of this 
series were subject to the drastic restriction that the depth 
« of the potential energy minimum must be small compared 
with kT. The present treatment of the 9,5 model is valid to 
all orders of ¢/kT; this advantage is gained, however, at the 
expense of substituting laborious numerical methods for the 
analytical methods that were used in the previous paper. 
The results indicate that the thermal diffusion constant 
first increases slightly as the temperature decreases, and 
then decreases rapidly, passing through zero and becoming 


HE present paper is a continuation of the 
previous one of the same title,’ and is 
devoted primarily to a treatment of the Lennard- 
Jones 9,5 model which is not restricted by the 
requirement that the attractive force be weak. 
Although this model of intermolecular forces is 
more specialized than any of those treated in I, it 
has turned out to be of much greater interest 
because the results are free of the restriction just 
mentioned. 
In order to avoid too extensive reference to I, 
the general formulae will be given briefly in 
Section I. 


I. INTRODUCTION 


The equation of diffusion, with the effect of 
thermal diffusion included, may be written in 
the form 


ci(Vy —v) = €)C2(V1—Vo) = C2(V—Vz2) 
= Do(—gradcei:+acic2 grad logT) (1) 


for a mixture of two gases. In Eq. (1), ¢; is the 
fractional particle density of the first gas, and ¢2 
is the fractional particle density of the second gas; 
Vv; and vz are the convection velocities of the 
molecules of the first and second gases, re- 


* National Scholar, Harvard University. 
1R. Clark Jones, Phys. Rev. 58, 111 (1940). This paper 


will be referred to as I. 


negative at a temperature about 1.5 times the critical 
temperature. The constant becomes strongly negative as 
the temperature decreases still further, and then ap- 
proaches zero as the absolute temperature approaches zero. 
When the theoretical results are modified to account for the 
fact that the neon molecule is much harder than is indi- 
cated by a repulsive force index of 9, a quantitative 
agreement is obtained with Nier’s experimental data on 
mixtures of the neon isotopes. Fair agreement is obtained 
with the data of Atkins, Bastick, and Ibbs on mixtures of 
the noble gases. An approximate method is presented which 
permits one to obtain from the results for the inverse power 
model, the first two terms of the series development of a@ in 
powers of e/kT for the general Lennard-Jones model of 
intermolecular forces. 


spectively, and v is defined as 
V=C1Vi + C2V2; (2) 


Dy is the coefficient of diffusion; and a is the 
thermal diffusion constant. 

It is to be noted that since v is obtained by 
averaging with respect to the number of the 
molecules of each kind, the total mass flux is not 
given by pv, where p is the density, but is rather 
given by pVm, where V» is defined by 


c\m 1VitCoMeVe 
v2 =— —--——, (3) 
C1M,+Come 


where m and mz are the masses of the molecules 
of the first and second gas. A confusion between v 
and v,, led to the publication of an incorrect 
formula in a previous paper.? 

From here on, we restrict our discussion to the 
case in which the two gases represent different 
isotopes of what is chemically the same gas. In 
this case it is a close approximation to replace 
D2 by D, the coefficient of self-diffusion of either 
gas. 

The rigorous Chapman-Enskog theory of trans- 
port phenomena in gases yields the value of the 


2W. H. Furry, R. Clark Jones and L. Onsager, Phys. 
Rev. 55, 1083 (1939). Equation (10) of this paper is correct 
only if p is regarded as the density the gas would have if 
all of the molecules were of species 1. 
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thermal diffusion constant in terms of certain 
cross section integrals which refer to collisions 
between molecules of the first and second gas. 
Let the impact parameter of such a collision be 
indicated by b, and the relative velocity at 
infinity by g. Now let us reduce } and g to 
dimensionless form by means of the trans- 
formation: 

g=(2kT/m)'y, 

b=sa(y)8, (4) 


where m=mm2/(m,+mz2) is the reduced mass, s 
is an arbitrary constant length, and o(y) is an 
arbitrary function of y and therefore of g. Finally, 
let 6(8, y) be the angle of deflection suffered by 
either molecule when it is deflected by the field of 


CLARK JONES 


force of another, as measured in the center-of- 
gravity coordinate system. 
We may now define the quantities 


® 


0) = f {1—P.(cos@) } 8dB (5) 


0 


and in turn the quantities 


aun= f exp(—7")o7(y) VO (y)dy. (6) 


0 


The ’s are dimensionless collision cross sections 
suitably averaged over 8 and y. 

In first approximation, the Chapman-Enskog 
theory yields the following general formula: 


177 (224. — $00.9) (150.9 4292.7) 


— (7) 
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where Rr is the ratio of a to the value predicted 
by the theory for molecules which behave as hard 
smooth elastic spheres: 


Rr = Q@/ Qhard spheres» (8) 
105 mso—my, 


a silence. (9) 
118 mo+my, 


Qhard spheres — 


Equation (7) cannot be given in any more 
explicit form without specifying the nature of the 
intermolecular forces. 

The material presented thus far is given in 
much greater detail in the first three pages of I. 

It seems worth while to indicate the general 
formulae for the first approximations to the 
coefficients of viscosity and of diffusion in terms 
of the 2’s; we have 


15 mkT\3 
om ( } ) (10) 
32s°Q°.) T 
and for the coefficient of self-diffusion : 
3 mkT 
D=————_ (—). (11) 
l6ps°Q"°)® ra 


In Eqs. (10) and (11), and only in these two 
equations, m is the mass of the molecules, rather 
than the reduced mass. The elimination of s? 
between (10) and (11) leads to the useful 


formula 
2 Qe.) n 
D=\-- 


5 Qt.s) * 





(12) 


We may now obtain the result (29,1), which was 
stated without proof, by substituting (26,1) 
in (12). 

Note added in proof.—As we pointed out in I, 
Eq. (7) is an approximation in the further sense 
that the expression on the right is the first term 
of a power series expansion in the relative mass 
difference (m2—m))/(mz2+m,). The equation is 
approximately correct, however, even when the 
ratio of the masses m2/mj, is large compared with 
unity. In a recent paper?* Chapman has discussed 
numerically the dependence of Rr on the relative 
mass difference for the special case of the inverse 
power model. 

His results may be summarized as follows. For 
the sake of specificity we assume that m22 my. 
When the concentration of the heavier molecules 
is ‘small, we find by inspection of Chapman's 
Table 6 that Rr is essentially independent of the 
relative mass difference for all values of the 
force index v. When the concentration of the 
heavier molecules is not small, however, we find 
from Tables 4 and 5 that Rr decreases as the 
relative mass difference increases from zero to 


22S. Chapman, Proc. Roy. Soc. Al77, 38-62 (1940). 
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unity, and that the amount of the decrease is 
greater the greater the value of cs and the 
greater the value of v. In the most extreme case, 
when the mass ratio and »v are both infinite, the 
value of Rr decreases by the factor 2.3 as the 
concentration of the heavier molecules rises from 
zero to unity. The corresponding factor is much 
closer to unity, however, for the isotopic mixtures 
which one meets in practice. For example, when 
ms=2m, and » is infinite, the factor is 1.2; and 
when v=15 with the same mass ratio, the factor 
is 1.1. 

In the same paper, Chapman points out that 
the values of A; and A. which he had 
previously given and which were used in I, 0.812 
and 1.825, are incorrect. He states that the 
correct values are 0.796 and 1.584. As a con- 
sequence of this change, the first line of Table I 
in I should read 


0.796 1.584 1.327 1.592 0.807 


The next line, which was obtained by inter- 
polation, should be modified, and the first line 
of Table V should also be changed in an obvious 
manner. The correction of these errors removes 
a noticeable discontinuity in the functions f(r) 
and C(»). 


Ternary and Higher Order Mixtures 


Note added in proof —Further on in this paper 
it is suggested that measurements of the thermal 
diffusion constant of xenon are desirable, and 
this suggestion brings squarely before us the 
question of mixtures of more than two isotopes. 
The results presented below have been known to 
the author for some time on the basis of plausi- 
bility arguments, but only recently have they 
been derived from the rigorous general theory. 

The general theory of thermal diffusion in 
ternary and higher order gas mixtures has been 
given by Hellund.*” In his article Hellund stresses 
quite properly that thermal diffusion in ternary 
and higher order mixtures contains essentially 
new features, and that the results, therefore, 
cannot be obtained by extrapolation from the 
theory of binary mixtures. In the special case, 
however, in which the molecules differ only with 


respect to their mass, the equations of thermal 


*» E, J. Hellund, Phys. Rev. 57, 328 (1940). 
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diffusion in higher order mixtures may be written 
in terms of the binary thermal diffusion con- 
stants. 

In order to indicate the nature of the general- 
ization, it is convenient first to rewrite Eq. (1) 
in the following form: 


v,—v=D(—grad logce;+ajoce grad log7) (A) 


where aj. is the value of a defined by Eqs. (7)-(9). 
We see that the presence of the second gas occurs 
explicitly only in the combination aj. It is 
plausible to suppose that in a mixture of three 
isotopes the factor a:2¢2 would be replaced by 
Q@12Co+aj3¢3, and similarly for the case of more 
than three isotopes. This suggestion has been 
confirmed by the general theory of ternary and 
higher order mixtures. 

The following relations have been derived 
from Hellund’s general theory for a mixture 
whose component gases are all isotopic with 
respect to one another. Let the number of com- 
ponents be N, and let the fractional particle 
density of the ith component be c;, where 


ole = 1. (B) 


The remaining relations in this section are valid 
only to terms of the first order in the relative 
mass differences (m;—m,) /(m;+m,). We have 


a;=—aj, ay=O, (C) 
Aja, = Aj, — Api =A. (D) 
The equation of diffusion for the ith component is 


vi;—v=D(—grad loge;+(S,axnc,) gradlog7) (KE) 
k=wz1,2,---,N 
where 
V=D.CVi (F) 


is the particle convection velocity of the gas as 
a whole. The equation for v; which has just been 
given involves all of the c’s. From Eqs. (B), (C) 
and (D), however, we find that the expression 
for vi—v; contains only c¢; and ¢;: 


v;—v,=D(-—grad loge;/c;+a;; grad logT). (G) 


This equation is identical in form with the 
equation for a mixture of only two isotopes. 

In application to the Clusius-Dickel thermal 
separation column, we find by the use of (E) that 
the equations for the equilibrium concentration 
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distribution are of the form 
de; /dy =c Xan (H) 


where y is proportional to the coordinate along 
the column. In analogy with Eq. (G), we find 
from (H) 


d log(¢;c;) ‘dy =aij;. (I) 


/ 


The Eqs. (H) or (I) form a set of simultaneous, 
nonlinear differential equations for which the 
general solution may be found as follows: In- 
tegration of (I) yields N—1 independent equa- 
tions of the form 


log (c;/c;) = ai;(y— ij). (J) 


The N—1 constants y;; may be determined from 
the N—1 independent conditions that the total 
mass of each component be conserved. 


II. Tue GENERAL LENNARD-JONES MODEL 


General formulation 


Lennard-Jones has proposed* and used ex- 
tensively* in theoretical treatments a law of 
intermolecular force of the form 


F=«/r’—«'/r"’, (13) 
where ¢ is the distance between the centers of the 
molecules, and where x, «’, v and v’ are positive 
constants. A positive value of F corresponds to a 
repulsive force. 

The modern quantum theory of van der Waals 
forces suggests that v’ should have the value 
seven; quantum theory further suggests that the 
first term of (13) should be replaced by a term 
involving the radius exponentially. For the ranges 
of radii which are concerned in molecular colli- 
sions at ordinary temperatures, however, an 
exponential term can be approximated closely by 
a term involving a large inverse power of the 
radius. 

As in I, we use a polar coordinate system r, ¢, 
with its plane in the plane of motion of the two 
molecules whose collision we wish to study, and 
with its origin at one of the two molecules. In 
terms of the reciprocal radius u=1/r, the first 


3 J. E. Lennard-Jones, Proc. Roy. Soc. A106, 441 (1924). 

* See, for example, R. H. Fowler and E. A. Guggenheim, 
Statistical Thermodynamics (Cambridge, 1939), Chapters 
VII and VIII; or R. H. Fowler, Statistical Mechanics 
(Cambridge, 1936), Chapter X. 
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integral of the equation of motion in a spherically 
symmetrical field of force may be written 


du\? 1 2 . 
( )- —u?— f Fdr. (14) 
do b? meg*b* 


? 


We now substitute (13) in (14), and subject 6 and 
g to the transformation (4) with 


S=(x/2RT)"O-Y, o(y)=yZ-. (15) 


With the further substitution 
x=bu, (16) 


Iq. (14) becomes 


where we have used the abbreviation 


, 
K 


| | (18) 
Ke’ -1)/(» Y(2RTy?)” v’)/(w—1) 


p= 


The quantity p is important because it is the 
means by which the temperature dependence is 
introduced into the final results. 

The physical significance of p is more easily 
grasped when it is expressed in terms of e, the 
depth of: the potential energy minimum ex- 
pressed as a positive quantity. When v>v’, such 
a minimum exists for the law of force (13), and is 
easily shown to have the value 


(v—v’) x’ ( 


(19) 


€ = - . = 

(v—1)(v’—1) x@’-D/O-"") 
The elimination of the x’s between (18) and (19) 
leads to the result 


, 


(v—1)(p'—-1)  €  Yerr?2/@—d 
p-| —s | . (20) 
2(v—v’) kT y?. 


The appearance of the temperature at this stage 
of the derivation fictitious, of 
course ; it appears explicitly because of the substi- 
tution (4). According to (4), k7y* is equal to 
‘mg’, so that p isa quantity which is proportional 
to a power of the ratio of ¢ to the kinetic energy of 
the molecules at infinity. 
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By exactly the same procedure that was used 
for the case of the inverse power model in I, we 
find from (17) for the angle of deflection 


a 2 > li 
ranar-2f fie 2(') 
| v—1\8 


2p x v’ ‘| } 
+ ( ) + dx, (21) 
v'—1\6 


where xo(8, P) is the smallest positive root of the 
equation obtained by setting the right-hand side 
of (18) equal to zero. 

The integration indicated in (21) cannot be 
performed in terms of known functions for the 
general case, so that it is usually necessary to 
resort to numerical methods from here on. 


Specialization to the 9,5 case 


The Sutherland model (v= ~) and the special 
Lennard-Jones model (v’=3) represent special 
cases of the general Lennard-Jones model, and 
have been worked out as far as terms of the first 
order in €/kT. Subject to this limitation, the 
derivation of the value of @ for these models was 
given in I, 

For the 9,5 model, Hassé and Cook® have 
proceeded from Eq. (21) by purely numerical 
methods, and have obtained the values of 
0 and © for 18 different values of p. The 
authors exhibited admirable foresight in com- 
puting the values of both 0 and ©, inasmuch 
as they were interested in the coefficient of 
viscosity, which involves only 0. 

The work of Hass¢ and Cook appeared only a 
year before London® showed by a simple calcu- 


TABLE I. Comparison of the notation used by Hassé and 
Cook, and by Jones, I and II. 


Hl AND Il AND | 
. ( Hl aANp C J 
6 x r K | 
0 o m kK For the (9,5) model only: 
x—20 @ n v l/s q 
j g m v’ | T\(k)/2e = (2R)S V4 (R) OM (+) 
Z 1 a B | I2(k)/2r=(2k)* V2(k) 1@°2) (+) 
p b|t=ay x I(s) 322. 7) 
R k al Xo 
k p 


5H. R. Hassé and W. R. Cook, Proc. Roy. Soc. Al25, 
196 (1929). 
®F. London, Zeits. f. physik. Chemie B11, 222 (1930). 
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lation that the interaction energy of two mole- 
cules without permanent moments would fall off 
as the inverse sixth power of the distance ; it was 
later shown quite generally by Lennard-Jones’ 
that the leading term in the energy of mutual 
polarization is always of the form —yr~*®, where pu 
is positive. We may feel quite certain, therefore, 
that Hassé and Cook would have performed their 
computations for the 13,7 model if they had done 
their work slightly later, inasmuch as_ the 
trigonometrical substitution which they used to 
facilitate the numerical evaluation of (21) is 
equally effective for any pair of values of v and v’ 
which satisfy the relation »y=2v’—1. The 13,7 
model has since found extensive use in the 
statistical-mechanical treatment of the properties 
of fluids and solids.‘ 

Because a substantial part of the task of 
computing the 2’s has already been accomplished 
for the 9,5 model, it seems worth while to 
determine the temperature dependence of a@ for 
this model before proceeding to the working out 
of the 13,7 model from the beginning. This order 
of procedure is further justified by the expecta- 
tion that the results for the 13,7 model will not be 
greatly different. 

For the special case v=9, v’ =5, Eqs. (15) and 
(20) reduce to 


s?=(«/2kT)', o%(y)=y7 (22) 


2s, €\! 
p= ( ) ‘ (23) 
y¥\ kT 


The relation between the notation used by Hassé 
and Cook and that used here is given in Table I 
for the convenience of those who wish to refer to 
the paper of Hassé and Cook.* 

The values of 0 and © determined by 
Hassé and Cook are given in Table II. The values 
of @ were determined to an accuracy of one 
second of arc, and the writers state that the 0’s 


7]. FE. Lennard-Jones, Proc. Phys. Soc. London 43, 461 
(1931 

*It may also be helpful to point out the few typo- 
graphical errors which occur in their paper: 1. The state- 
ment on p. 207 that J(s) is the integral with respect to z 
in (13) should be replaced by the statement that J(s) is 
1/2 times the integral with respect to z in (12); 2. The 
variable of integration in (12) should be changed from k 
to z; and 3. The four polynomial approximations on p. 207 
which are indicated as expressions for J2(k) are actually 


approximations to J2(k)/27. 
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TABLE II. The exact values of O and O, and the values given by the approximate formulae. 
ed] te) te] e (2p) 1@ 2 18° 1@°2 182 2p)3 
p EXACT Eq. (25) Ea. (32 EXACT EXACT Eq. (26) Eo. (33 EXACT 
0.00 0.38080 0.38080 0.16520 0.16520 
0.25 0.35947 0.35947 0.15108 0.15110 
0.50 0.34766 0.34766 0.14435 0.14431 
0.75 0.34972 0.34988 0.14929 0.14931 
1.00 0.37066 0.37066 0.17059 0.17059 
1.25 0.41584 0.41450 0.21165 0.21262 
1.50 0.49001 0.48592 0.27171 0.27988 
1.75 0.59603 0.58944 0.34269 0.37686 
2.00 0.73297 0.72956 0.95377 0.36648 0.40754 0.50802 0.38640 0.20377 
2.3835 0.98228 1.06480 0.44990 0.44926 0.42190 0.20577 
2.8563 1.23697 1.18818 0.51754 0.44778 0.46189 0.18735 
3.4641 1.32953 1.33076 0.50511 0.50824 0.50866 0.19309 
4.0 1.44530 1.44530 0.51099 0.54659 0.54658 0.19325 
6.0 1.81155 1.81153 0.52295 0.66923 0.66927 0.19319 
8.0 2.11888 2.11658 0.52972 0.77264 0.77264 0.19316 
10.0 2.38356 2.38357 0.53298 0.86366 0.86368 0.19312 
0 0 0 0.55260 a 1 0.19257 


are accurate to five significant figures. The values 
of the 2’s are now to be determined by performing 
the integration with respect to y which is indi- 
cated in Eq. (6). In this integration the depend- 
ence on y is, of course, eliminated, so that the 
2’s are functions of the quantity 


g= py =2(e/kT)?. (24) 


The temperature dependence of the 2’s will enter 
through their dependence on g. 

Before proceeding to the numerical evaluation 
of the 2’s, we shall derive expressions for the Q’s 
which are valid for the two limiting cases of g 
small, and g large, compared with unity. 

For values of p lying between zero and unity, 
the following polynomials are very close ap- 
proximations to the data given in Table IT: 


Q) =0.38080 —0.09834p 
+0.04004p*+0.04816p*, (25) 


16 =0.16520—0.06507p 


+0.02268p?+0.04778p*. (26) 


It happens that (25) fits the data in Table II to 
within two percent for values of p between unity 
and two, but such is not the case for (26). 

For small values of g, we may obtain the Q’s by 
substituting (25) and (26) in (6). This procedure 
may at first seem questionable, since the integral 
involves large values of g as well as the small 
values for which (25) and (26) are good approxi- 
mations. The error would be expected to be 
greatest for small values of y, which correspond 
to large values of g. It is easily confirmed, 


however, that the factor y* in the integrand of 
(6) vanishes so strongly at the origin that the 
error is inappreciable for sufficiently small values 
of g, when k takes values as large as 5, 7 or 9. We 
find 


20.5 = 0.30623 —0.05571¢ 


+0.0184092+0.02183g9%, (27) 
20.7 = 0.84213 —0.12535q 
4.0.032209?+0.0272893, (28) 
20.9 = 3.15801 —0.40738q 
+0.08855q?+0.06139g°, (29) 
102.7) = 0.36534 —0.08294¢ 
+0.01824g2+0.02707g%. (30) 


If now the expressions (27-30) are regarded, not 
as polynomial approximations, but as power 
series expansions of the 2’s about the point g=0, 
they may be substituted in (7), and the result 
expanded in ascending powers of g. One finds at 
length 


Rr=0.43241 | 1+0.4026g —0.1392¢? 
—0.1616g*+ ---} 
=0.43241{1+0.8052(e/kT)! 


~0.5568¢/kT —1.2930(e/kT)' +--+}. (31) 


This expression is compared with the precise 
result in Fig. 1. 

Similarly, for values of p greater than four, 
the following expressions are very close ap- 
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proximations 
Q =0.78149;p! — 0.03621 —0.16295p-!, (32) 
1Q@ =0.27234p'+0.00344 —0.00309p—3. (33) 


For sufficiently large values of g, the values of the 
©’s for which (32) and (33) are not good approxi- 
mations will not contribute appreciably to the 
integrals (6). Substituting (32-33) in (6) yields 


20.5 = 0.51944g! —0.02912 —0.16295q-!, (34) 


Q(.) = 1.29859g¢! — 0.08008 —0.48885q~!, (35) 
20.9 = 4.5451¢! —0.3003 —1.9554q-}, (36) 


192.7) = ).45254g!+0.00761 —0.00927¢-3. (37) 


If now we substitute these expressions in (7), and 
expand the result in descending powers of p', we 
find that the constant term is identically zero, 
and we are left with 


Rr 


—0.03390g-! —0.37935q!+ - + - 
—().02397(kT /e)! 
—0.18968(k7'/e)' +--+. (38) 


II 


This expression is also compared with the precise 
result in Fig. 1. 


Numerical results 


The values of the 2’s have been obtained by 
purely numerical methods from the data given 
in Table II. The values of 2°? for 0.25 <q 20 
were determined by Hass¢ and Cook;5 the re- 
mainder of the entries in Table III were deter- 
mined by the writer. 

The method of integration used by Hass¢ and 
Cook was to split the range of the variable p into 
four parts, and to find accurate polynomial 
approximations to 0 for each of these ranges. 
The integration was then accomplished by use of 
tables on the incomplete gamma-function. 

The writer used a different method, which was 
essentially ordinary numerical integration. In- 
stead of integrating 9 itself, however, the 
integration was actually performed using as the 
integrand the difference between (25) or (32) and 
the exact value of 0 as given in Table II. The 
numbers obtained were then applied as correc- 
tions to the approximate values of the Q's ob- 
tained from (27-29) or from (34-36). This 
method has the advantage that the quantity 
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obtained by numerical integration was nearly 
always a small fraction of the final value of the Q 
in question. 

For values of g equal to or less than four, the 
correction to (27-29) was determined, whereas 
for values of q equal to or greater than five, the 
correction to (34-36) was determined by nu- 
merical integration. The interval used in the 
integration (6) with respect to y was 0.25; in only 
one case, that of g=5, it was necessary to 
subdivide the interval of integration over part of 
the range. It was usually sufficient to carry the 
5.0. All of the 
calculations were carried to six significant figures 


numerical integration out to ¥ 


although the accuracy of the results did not 
always warrant such precision. 

The one drastic limitation on the accuracy of 
the results obtained lies in the fact that because 
of the great labor of the calculations, Hassé and 
Cook computed only three values of 0" and 0° 
in the range 2<p<4. Although these values were 
computed to an accuracy of five significant 
figures, the function behaves so irregularly in 
this interval that the interpolated values may be 
in error by as much as one percent. The irregu- 
larity is more apparent in the values of ©/(2p)', 
which are also given in Table II. Accordingly, the 
values of the 2’s for which the main contribution 
comes from 0’s in this range have a probable 
error of something less than one percent. The 
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Fic. 1. Showing the dependence of Rr on ¢/kT for the 
Lennard-Jones 9,5 model. For approximate purposes, the 
abscissa may be considered as the square root of 7./T7, 
where 7. is the critical temperature. The two shorter 
curves represent the results yielded by the approximate 
formulae (31) and (38). 
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TABLE III. Values of the &’s. TABLE IV. Table of Rr as a function of ¢€/kT. 


| 








1/q Q0.5) 0.7) Q0.9 4 (22.7) 1/q e/kT RT 1/q e/kT Rr 

x 0.30623 0.84213 3.1580 0.36534. 0.0 0.43241 | 0.8 0.3906 0.1617 
20.0 0.30349 0.83595 3.1379 0.36124 10.0 0.0025 0.44898 | 0.6 0.6944 —0.153 
10.0 0.30086 0.82994 3.1182 0.35726 5.0 0.01 0.46304 | 0.5 1.0 —0.384 
8.0 0.29960 0.82702 3.1097 0.35531 4.0 0.0156 0.4687 0.4 1.5625 —0.573 
6.0 0.29756 0.82230 3.0928 0.35215 3.0 0.0277 0.4753 | 0.3333 2.25 —0.629 
5.0 0.29600 0.81857 3.0806 0.34970 2.4 0.0434 0.4771 | 0.25 4.0 —0.465 
4.0 0.29379 0.81323 3.0626 0.34617 2.0 0.0625 0.4753 0.2 6.25 —0.232 
3.0 0.29051 0.80494 3.0343 0.34072 1.6 0.0977 0.4605 | 0.1 25.0 —0.040 
2.4 0.28779 0.79746 3.0081 0.33590 1.2 0.1736 0.4036 | 0.05 100.0 —0.023 
2.0 0.28570 0.79092 2.9841 0.33181 1.0 0.25 0.3243 | 0.0 ” 0.000 
1.6 0.28390 0.78303 2.9530 0.32722 

1.2 0.28484 0.77581 2.9156 0.32445 — — " 

PRE ? 776) I¢ »77 28 

My oe rap tent pen areas TABLE V. Quantities for the special Lennard-Jones model. 
0.6 0.35051 0.84733 3.0101 0.39214 > = = 
0.5 0.40624 0.93189 3.1899 0.45523 y G(v) H(v) 
0.4 0.51020 1.12014 3.6433 0.57470 : — 
0.3333 =: 0.63116 1.37246 4.3201 0.70133 3 1.000 0.000 
0.25 0.86044 1.95803 6.1680 0.90432 5 0.833 0.833 
0.2 1.03951 2.48879 8.1644 1.02595 7 0.392 0.557 
0.1 1.56006 3.87286 13.4659 1.44991 9 0.156 0.293 
0.05 2.25604 5.61808 19.5888 2.02936 11 0.030 0.120 
0.025 3.22935 8.05563 28.1362 2.86826 15 — 0.0928 — 0.0833 
0.0125 4.59797 11.48021 40.1337 4.05421 w — 0.2662 — 0.4822 
0.005 7.30491 18.25020 63.8389 6.40684 — —EEE 


| 
iH} 
| 


1] 
| 


tuted in Eq. (7). The values of Rr so obtained are 


relative accuracy of the ®’s is much higher, of | given in Table IV as well as in Fig. 1. 
course. We shall defer the discussion of these results to 
The 2’s given in Table III were then substi- Section IV. 


III. THe SpectAL LENNARD-JONES MODEL (y’=3) 

This model has already been treated in I.* The result, however, can be presented more simply and 
in a more useful form than was done in I. Furthermore, the present formulation is better adapted for 
the generalization which will be attempted in Section IV. 


Equation (45,1) may be written in the form 


— P (v—3)/(v—1) 
80 = As +B, aad - 
y—. . 


where A, and B,™ are the quantities tabulated in Tables I and V of I. The expression (39) is valid 
only to the terms of the first order in (€/k7)°-®/@-?, From (6) and (39) we find the formula corre- 


sponding to (47,1): 


k+1 2 k-1\ sv—-1 e€ \ o9/e-v 
ae = 34 ,r( _ )+3B.0r( -)-(=—) ; (40) 
2 2 y—3 kT 


2 v—1 


The substitution of this expression in (7) now leads to 


y—5 € \ O-/0-) 15+4B2/Bi/ ¢ \o-d/0-0 
Feat al Career 
v1 kT 15+6f \aeT 


Re=Co)—— nicieseancunentcoe sienceenninmpntonsancenn — , (Al) 
2B, / € \ &—#/@-D 117+32B./B, e \ &-2/e-d 
aie ee 
3fB\\ RT : 177+48(f—1/(v—1)+1/(v—1)*) \ RT 
— € \ &-3/0-) 
=cw|~ +110)(—) | (42) 
yv—1 kT ‘ 





* The writer is aware of two errors in I, both of which involve the special Lennard-Jones model: 1. The « immediately pre- 


ceding the D(») in Eq. (IV) should be x’, and 2. The value of D(15) in Table V should be 0.012 instead of 0.088. 
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The function G(v) is defined by 


y—3 
Gi) = -( ) 
y—1 
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1) By 


A\1(3—2/(»—1)) 


The second expression for Rr is equivalent to the first as far as terms of the first order in (€ 7°)” 
The functions C(v) and f(y) are tabulated in Table I of I; G(v) and //(v) are tabulated in Table V of 


this paper. 


IV. Discussion OF RESULTs 

The results indicated in Fig. 1 were derived 
explicitly for the Lennard-Jones 9,5 model. In the 
absence of evidence to the contrary, however, it 
seems reasonable to assume that the qualitative 
features of the result will be much the same for 
other molecular models which are similar to the 
9.5 model. In particular, we shall suppose for the 
present that the behavior indicated in Fig. 1 is 
typical of Lennard-Jones models in which the 
attractive force index is about half of the re- 
pulsive force index, and we know that such 
molecular models have had considerable success 
in explaining the properties of fluids and solids. 


The negative portion 


By far the most striking aspects of the results 
given.in Fig. 1 and Table IV are the rapid de- 
crease of Ry as (e/k7)! increases beyond one- 
half, and the large negative values of Rr as the 
temperature decreases still further. This behavior 
of Rr was quite unexpected, and it has not yet 
received any definite confirmation from experi- 
ment. The negative portion, if it exists, should 
not be at all difficult to observe, as we shall now 
indicate. 

The theoretical results can be more easily 
understood when they are expressed in terms of 
the critical temperature of the gas in question. 
Since the critical temperature is the temperature 
at which the attractive forces are just able to 
overpower the disrupting effects of thermal agi- 
tation, it is clear that the critical temperature is 
given approximately by the relation k7.=e. 
Using the Lennard-Jones 13,7 model, and a 
simplified model of a liquid, Lennard-Jones and 
Devonshire® have found by detailed calculation 
the more precise result 


T .=(2/9)-(e/k), (43) 


8 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. 


Soc. A163, 53 (1937); Proc. Roy . Soc. Al65, 1 (1938). 


where z is the number of nearest neighbors of any 
given molecule in the liquid. Fowler and Guggen- 
heim® suggest in this connection that a suitable 
value of s is 11. With s=11, Eq. (43) reduces to 


T.=1.22€/k. (44) 


If now we use the relation (44) to interpret the 
results in Fig. 1, we find that Rr is positive for 
temperatures greater than 1.547°., and negative 
for temperatures less than 1.547°.. We also find 
that the minimum of Rr occurs at the tempera- 
ture 0.367... 

Now it is not at all difficult to work with gases 
at temperatures less than 1.547°.. In Table VI we 
have given the boiling points at atmospheric 
pressure and the critical temperatures of the 
noble gases and a few others chosen at random. 
rom this table we may draw the very rough but 
rather general conclusion that at atmospheric 
pressure one may work with gases at tempera- 
tures greater than about 0.67... 

For xenon, the range of temperature from the 
boiling point to 1.547, is the range from — 109°C 
to 173°C. An experimental determination of the 
thermal diffusion constant of xenon in this 
temperature range would thus provide a useful 
and highly desirable check on this theory. 


Application to isotope separation 


It is clear that the attempt to separate isotopes 
with a thermal separation column having 1.547, 
as its mean temperature would meet with disap- 
pointing results, since the integral'® yielding the 
value of 7 would be nearly zero as a consequence 
of the reversal of the sign of a. As we have just 
seen, however, there is usually a comfortable 
range of temperature between the temperature of 
condensation and 1.547... If, therefore, it is 


* See Fowler and Guggenheim, reference 4, p. 345. 

10 W.H. Furry, R. Clark Jones, and L. Onsager, Phys. 
Rev. 55, 1083 (1939); R. Clark Jones and W. H. Furry, 
Rev. Mod. Phys., to be published. 
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TABLE VI. Values of the critical temperature and the boiling 
point at atmospheric pressure for the noble gases and 
for a few others chosen at random. 


Gas B.P. At ATMOS. PREss. Te B.P./Te 
He 4.3 aa 0.81 
Ne 27 44 0.61 
A 88 151 0.58 
Kr 121 211 0.58 
Xe 164 290 0.57 
Cl, 239 417 0.57 
CCl, 349 556 0.63 
O 90 154 0.58 
108 191 0.57 


CH, 
inconvenient or impossible to operate the column 
over the range of temperature in which a@ is 
positive, it should usually be possible to operate 
the column so that it utilizes the negative portion 
of the curve shown in Fig. 1. 


The hardness function 


It will be noted that the initial slope of the 
curve in Fig. 1 is positive. This corresponds to the 
fact that the coefficient of (€/kT)! in (31) is 
positive. We shall find it convenient to use the 
term “‘initial slope’’ in a more general sense in 
connection with the general Lennard-Jones 
model; more generally, we shall mean by the 
“initial slope’’ the initial slope of the plot of Rr 
against (e/k7T)°~"?/@-, We then find that the 
initial slope for the special Lennard-Jones model 
is also positive when y is less than about 15; 
according to Table V, the function J/(y) is 
positive for values of v less than about 15. 

In I, this positive ‘‘initial slope’’ was felt to be 
a defect of the special Lennard-Jones model, 
since the experiments seemed to indicate a 
negative slope. This difficulty has been resolved 
by the results in Fig. 1, which indicate that the 
initial slope is only a small part of the whole 
story. 

The writer also stated in I that he did not 
know whether the positive initial slope was due 
to the choice of »v’=3, or whether the “difficulty 
is more deeply seated.’’ The writer now believes 
that he knows the reason for the positive initial 
slope, and that it can be explained on the basis of 
the inverse power model. Since Frankel" has 
shown that the essential properties of the inverse 
power model can be derived from elementary 


1S, P. Frankel, Phys. Rev. 57, 661L (1940). 
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considerations, the argument to be given below 
furnishes another crumb of information about 
the thermal diffusion constant that can be ob- 
tained from elementary considerations. 

The argument itself is somewhat arbitrary and 
approximate, and derives its real justification 
from the fact that its result is in good agreement 
with the results already obtained for the special 
Lennard-Jones model and for the 9,5 model. The 
argument follows. 

Let ro be the distance of separation which 
corresponds to the minimum of the potential 
energy. Then, for values of r greater than ro, the 
force is an attractive one, whereas for smaller 
values of r the force is repulsive. We propose 
that these two ranges of r make opposing contri- 
butions to the initial slope. 

In the case of the Sutherland model r cannot 
be less than 79, so that we are concerned only 
with the effect of the first of these two ranges. We 
saw in I that, for the Sutherland model, the initial 
slope is negative for all values of v’. It therefore 
appears that the contribution of the first range 
to the initial slope is negative. 

In order to discuss the contribution of the 
second range let us first recall some of the results 
for the inverse power model. This model is the 
special case of the Lennard-Jones model in which 
x’ is zero. For the inverse power model, we found 
in I that Rr is given by 


Rr=C(v)(v—5)/(v—1), (45) 


where C(v) is a slowly varying function of » 
which increases from 0.8 to 0.9 as » rises from 5 
to 15. Rr thus increases as vy increases, or as the 
‘“‘hardness”’ of the molecule increases. The deriva- 
tive dlogF/dlogr is constant for the inverse 
power model, and is equal to — v. Let us therefore 
introduce a “hardness function”’ 


u(r) = —d logF/d logr. (46) 


For the general Lennard-Jones model, we find 
the hardness function to be 


u(r) =(v—Qvr’)/(1—Q) 


=v+Q(v—v’)+0(Q?), (47) 


where Q is the ratio of the attractive to the 
repulsive term in (13): 


O(r) =x’ /(xr’-”’). (48) 
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Now for all values of ry in the second range, Q is 
positive and less than unity. This means that for 
all values of 7 in the second range, u(r) is greater 
than v; the effect of the second term in (13) is to 
increase the hardness of the repulsive force. We 
should thus expect that the presence of a weak 
attractive force would increase the value of Rr. 
In order to put this argument in a more 


As a first approximation, we find 


x’ 2k 9" )/@—1 
ve (c) 
kK \(v—1)kT 
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quantitative form, it is necessary to perform some 
sort of an averaging process on u(r) in order to 
eliminate the dependence on r. We shall per- 
form this averaging by the arbitrary device of 
evaluating Q at the distance of separation which 
corresponds to an energy of interaction equal to 
bkT. We shall also approximate by treating QO as 
a number small compared with unity. 


yo —1 Ze\y Orr?/@-d 
-( . ) ; (49) 
yv—v kT 


If now we substitute (49) in (47), and then substitute the average value of u so obtained for v in (45), 


we find after a little manipulation 


y—5 y—v’ s2(v'—-1)\ Or! e \ &-"/@-D 
Rr=Cl)( +14 ( ) ( ) ). (50) 
y—1 | (yv—1)? y—y' kT 


This is the result toward which we have been working. The quantity in the curly bracket (multiplied 
by C(v)) is the value of the initial slope predicted by the argument just presented. 


In Table VII we compare the value of the curly 
bracket in (50) with the value of the correspond- 
ing coefficient as given by the results for the 
special Lennard-Jones model and for the 9,5 
model. The agreement is satisfying ; the approxi- 
mate treatment yields substantially correct re- 
sults as long as the second range is not too small 
in extent; that is to say, as long as » is not too 
great a multiple of »’. 

The precise value of the initial slope obtained 
by this approximate treatment depends, of 
course, on the particular method of averaging 
which is used to eliminate the dependence of yu 
on r. Any method of averaging which is physi- 
cally reasonable will yield about the same result, 
however, so that the writer feels that Eq. (50) 
affords a reliable approximate evaluation of the 
“initial slope’’ for the general Lennard-Jones 
model, subject to the restriction that vy may not 
be too great a multiple of »’. 

It is interesting to contemplate that if the van 
der Waals forces were non-existent for any 
molecule, and if the only energy of interaction 
were an overlap energy of the asymptotic form 


E=ae*’, (51) 


then the hardness function would be given by 
u(r) =r. (52) 


According to (52), Ry would rise monotonically 
as the temperature decreased, and would ap- 
proach unity as the absolute temperature 
approached zero. 


The approximate formulae (31) and (38) 


These formulae are indicated by the dotted 
lines in Fig. 1. Equation (31) affords the correct 
initial slope, but it is clear that the second- and 
third-order terms are far from correct. The error 


TABLE VII. Comparison of the results yielded by the use of 
the hardness function with the results of detailed 
calculation. 


EXACT! CURLY BRACKET 

’ v” COEFFICIENT IN Eo. (50 
3 3 0.000 0.0000 
3.25 3 0.2688 
3.50 3 0.4850 
4 3 0.7055 
5 3 0.833 0.7071 
7 3 0.557 0.4444 
9 3 0.293 0.2767 
11 3 0.120 0.1838 
15 3 — 0.0833 0.09551 
9 5 0.4026 0.35355 
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TABLE VIII. The temperature dependence of n according to 
the 9,5 model. 





e/kT n e/kT n | ¢/kT n e/kT n 
0.0 0.75 | 0.20 0.77 | 0.50 0.98 | 1.50 1.30 
0.01 0.73 | 0.25 080/060 104/120 1.28 
0.02 0.73 | 030 0.84/0.70 1.10/25 1.24 
0.05 0.72 | 035 0.87|080 1.15/30 1.19 
0.1 0.73 | 040 0.91 | 1.00 1.22] «© 1.00 
O15 0.75 | O45 0.94 | 1.25 1.27 | 


is due to the impropriety of considering the 
polynomial approximations as series expansions. 
The approximate relation (38) is quite accurate 
for values of g greater than about 20. 


Viscosity 

By substituting (22) and the numerical values 
of 2°” given in Table III in Eq. (10), one ob- 
tains the temperature dependence of the coeffi- 
cient of viscosity according to the Lennard-Jones 
9,5 model. Hassé and Cook have compared 
with experiment the theoretical predictions so 
obtained. 

During the time since the work of Hassé and 
Cook was published, Trautz and his associates!” 
have measured the temperature dependence of 
the viscosity of a large number of gases. We do 
not intend to make here any detailed examination 
of these more recent data. We should like to 
point out, however, that with nearly all of their 
data, Trautz and his associates have given also 
the experimentally determined values of 


n=d logn/d logT (53) 


as a function of the temperature. The quantity 
is important because of its simple interpretation 
in terms of the inverse power model, as we 
pointed out in detail in I. 

The writer has determined as a function of 
e/kT for the 9,5 model. The results are given in 
Table VIII. The predictions of Table VIII are in 
qualitative agreement with the experimental 
data; the data show a general tendency for n to 
increase as the temperature decreases. Values of 
n as large as 1.30, however, have not been 
observed ; the value m= 1.14 for SO» in the range 
287°-370°K is the largest found by Trautz et al. 

In conclusion, we may say that the 9,5 model 
is in qualitative agreement with the tendency of 


12 For references, see Table II of reference 1. 
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TABLE IX. Values of a determined experimentally by Nier. 











MIXTURE Temp. RANGE a Rr 
C®H,—CH, 296°-728°K 0.0080+ ~5% 0.30 
296°-573°K 0.0074+~5% 0.27 

Ne??— Ne 283°-617°K 0.0302+2% 0.71 
90°-294°K 0.0188+2% 0.44 

90°-195°K 0.0165+8% 0.39 





nearly all molecules to become, with respect to 
viscosity, more “‘soft’’ as the temperature 
decreases. 

There is remarkable agreement between the 
values of Rr given in Table IV, and those ob- 
tained from Table VIII by the approximate 
relation (32,1): 


Rr=1.7(1—n), (54) 


which was derived on the basis of the inverse 
power model. To two significant figures, the two 
methods agree in predicting a maximum of 0.48 
at e/kT=0.05, and they both indicate that Rr 
changes sign at e/kT =0.53. Equation (54), how- 
ever, predicts a minimum of —0.51 at e/kT=1.5, 
whereas Table IV indicates a minimum of —0.63 
at e/kT=2.2. In the opinion of the writer, the 
close correspondence between the values of Rr 
obtained by the two methods should be con- 
sidered as fortuitous, since the use of (54) in the 
present connection has no theoretical justification. 

If such a close correspondence should turn out 
to hold for other Lennard-Jones models, however, 
the existence of an empirical relation of the form 
(54) should have considerable practical utility, 
since it would be possible to obtain an estimate of 
the value of Rr at any given temperature by a 
naive application of the inverse power model to 
viscosity data for the gas in question. 

The fact that values of n as large as 1.3 are not 
found experimentally, however, may be taken to 
suggest that negative values of Rr as large as 
those indicated by Table IV will also not be found 
experimentally. 


V. COMPARISON WITH EXPERIMENT 


The only direct experimental determinations 
of @ for isotopic mixtures which have been 
published up to the present are those of Nier.” 


A, O. Nier, Phys. Rev. 56, 1009 (1939); Phys. Rev. 
57, 338 (1940). 
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His results are given in Table IX, which is 
reprinted from I. _ 

The values of Rr given in Table IX are 
“average” values over the temperature interval 
in question ; that is to say, they are the values of 
Rr which would give the observed separations if 
Rr were independent of the temperature. The 
relation between Rr and Rr for the ‘‘two-bulb” 
method used by Nier is 


T2 
Rr= f Rrd logT / log? T. (55) 
T1 


For the Sutherland model, with the approximate 
expression for Rr given by Eq. (43,1), Brown" 
has shown by the use of (55) that for any values 
of T; and T2, Rr is equal to the value of Rr at the 
temperature 
TT T: 
{eo (56) 


eo 1 1 


When Ry cannot be expressed analytically, how- 
ever, it is possible to use a simple graphical 
method: Rr is plotted against log7’; the value of 
Rr is then the average value of the ordinate 
between the abscissae corresponding to 7) 


and 7>. 


Neon 


In attempting to compare Nier’s data for neon 
with our theoretical results for the 9,5 model, we 
are immediately faced by the difficulty that the 
largest experimental value of Rr is much greater 
than any of those found in Table IV. This 
difficulty simply corresponds to the fact that 
neon is much harder than v= 9. The experimental 
value Rr=0.71 is in good agreement with the 
high temperature viscosity data of Trautz and 
Sorg, which according to Table II of I, predict 
the value Ry =0.69 at the temperature T= 1030° 
on the basis of the inverse power model; at such 
a high temperature, the inverse power model 
should be adequate for neon because of the small 
magnitude of the attractive forces. 

In order to take account of the greater hardness 
of neon, we take the bold step of increasing the 
scale of the results given in Table IV so that the 
maximum value of Rr is 0.74 instead of 0.48. We 


4 Harrison Brown, Phys. Rev. 58, 661L (1940). 
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then find by the graphical method just described 
that with e k=42.5°, the theoretical values of Ry 
corresponding to the three temperature ranges 
for neon are 0.71, 0.45, and 0.36. These values 
agree with the experimental values within the 
experimental error, and the value «€ k=42.5° is 
in fair agreement with (44), since we find in 
Table VI that the critical temperature is 44°. 

Now we should not like to lay too much stress 
on the excellence of the agreement between 
theory and experiment. After all, anyone can fit 
three experimental points, two of them close 
together, with a curve involving two adjustable 
constants. The important fact is that the large 
decrease in Rr, which occurs at temperatures 
well above the critical temperature, can be 
explained by the use of a value of €/k which is in 
substantial agreement with the value indicated 
by other methods of approach. 

It should be remembered in this connection 
that we found in I that the Sutherland model in 
the approximate form (43,1) could be made to fit 
the neon data, but that the required value of ¢/k 
was about 350°, a value nearly ten times the 
critical temperature! 


Methane 


The methane molecule is far from being 
spherically symmetrical, so that Chapman- 
Enskog theory does not strictly apply. 

If we use the value of €/k indicated by Eq. (44) 
and the critical temperature: 


e/k=191°/1.22=156°, 


then we find by the graphical method that the 
theoretical values of Rr which correspond to the 
temperature ranges in Table IX are 0.212 and 
0.168. If these numbers are multiplied by 
0.71/0.48 = 1.48, they become 0.31 and 0.25. The 
fact that the necessary multiplicative factor is 
slightly smaller than in the case of neon suggests 


TaBLe X. Values of Rr for mixtures of the noble gases over 
the temperature range 0°-100°C. 


Ne A Kr Xe 
He 0.80 0.65 0.63 0.59 
Ne 0.54 0.51 0.43 
A 0.19 0.17 
Kr 0.08 
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TABLE XI. Comparison of the theoretical and experimental 
values of Rr for certain mixtures of the noble gases. 


MIXTURE 7. e/k Rr(Tueory) RrveExr.) 
He-Ne 25 20 0.74 0.80 
Ne-A 98 80 0.51 0.54 
A-Kr 181 148 0.15 0.19 
Kr-Xe 250 205 —0.12 0.08 


that the methane molecule is slightly softer than 
the neon molecule. 

We may also use the alternative procedure, and 
find the value of €/R which permits the best check 
between experiment and the predictions of the 
9,5 model without the use of a correction factor. 
It is found that the value e/k=120° leads to a 
better check than was found in the last para- 
graph. It is difficult, however, to justify the 
smaller value of €/k. 


Other evidence, both pro and con 

Atkins, Bastick and Ibbs® have measured the 
thermal diffusion constant of all of the ten 
different binary mixtures of the five noble gases. 
The measurements were all made in the same 
series of experiments in the same apparatus. The 
lower and upper temperatures in every case were 
0° and 100°C. The results obtained by these 
authors are given in Table X. 

The general formula (7), upon which all of the 
results derived in the present paper depend, was 
derived upon the explicit assumption that the 
molecules of the two gases differed from one 
another only in that their masses were different. 
The theory does not strictly apply, therefore, to 
mixtures of dissimilar molecules, even when they 
are as much alike as the molecules of the noble 
gases. There can be little doubt, however, that 
the mass difference accounts for all but a small 
part of the observed separations. We shall there- 
fore attempt to compare the experimental results 
of Atkins, Bastick and Ibbs with the predictions 
of the Lennard-Jones 9,5 model. 

It is, of course, necessary to determine a 
suitable value of e, which is now the depth of the 
potential energy minimum for the interaction of 
the two dissimilar molecules. It is well known'® 


16 B. E. Atkins, R. E. Bastick and T. L. Ibbs, Proc. Roy. 
Soc. A172, 142 (1939). 

16 See, for example, F. Seitz, Modern Theory of Solids 
(McGraw-Hill, 1940), p. 84. 


that the magnitude of the van der Waals at- 
tractive force is proportional to the product of 
the polarizabilities of the two atoms. If then we 
should assume that the fields of force of all the 
noble gases differed only by a multiplicative 
constant, it is clear that the value of e for the 
interaction between two dissimilar molecules 
would be the mean proportional of the values of € 
for each of the two molecules interacting with 
molecules of its own kind. Actually the assump- 
tion at the beginning of the last sentence is not 
strictly justified, and we shall omit all detailed 
considerations by evaluating ¢ from the arith- 
metic mean of the critical temperatures of the 
two gases which make up the mixture. Of the 
four mixtures which we shall discuss, only the 
first (He— Ne) provides an appreciable ambiguity 
in the proper choice of e, and in this case any 
reasonable value of ¢ will lie on the broad 
maximum of Fig. 1, so that there is no ambiguity 
in the predicted value of Rr even for this 
mixture. 

We shall discuss only the mixtures of adjacent 
members of the family of noble gases. We have 
given in Table XI the value of the mean critical 
temperature of each of these mixtures, and the 
value of e/k determined from (44). We then 
determined from Table IV the value of Rr at the 
temperature 7 = 323°, and have multiplied this 
value by 0.74/0.48, the factor that was found 
necessary in the case of the neon isotopes; the 
result is given as the theoretical value of Rr. 

The comparison between theory and experi- 
ment is, for the first three mixtures, better than 
we might have expected. The discrepancy in the 
case of the krypton-xenon mixture may be 
ascribed to a lack of applicability of the 9,5 
model, or it may be written off as experimental 
error. The authors reported considerable diffi- 
culty in making the measurement in this case. 
Since the observed change in concentration was 
only 0.098 percent, and since the concentrations 
were estimated from the thermal conductivity of 
the mixture, it is conceivable that the discrepancy 
can be attributed to experimental error. The 
authors do not estimate the probable errors of 
any of their results. 

A serious objection to the present theoretical 
results is offered by the work of Groth and 
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Harteck,'’? who obtained a partial separation of 
the mercury isotopes by means of a thermal 
separation column of the hot-wire type, operating 
between the temperatures 350°C and. 1800°C. 
Since the free mercury atom is in a spherically 
symmetrical singlet S state, and since the critical 
temperature of mercury vapor is about 1650°C, 
the present theory would indicate that the value 
of a would be negative, and that therefore 
the lighter fraction would be concentrated at the 
bottom of the column. Actually, however, 
the light fraction was collected at the top of the 
column. The writer has no explanation for the dis- 
crepancy. 


Conclusion 


The small amount of experimental data which 
is so far available lends considerable support to 
the accuracy of the predictions of the 9,5 model 
for positive values of Rr. There is, however, no 
experimental evidence for the large negative 
values predicted, and the work of Groth and 
Harteck, as well as the failure of the viscosity 
predictions to be borne out for larger value of 
e/kT, suggests that the large negative values of 
Rr may not be found experimentally. 

Our theoretical understanding of the tempera- 
ture dependence of a@ has increased significantly 
since the publication of the first paper of this 
series. It will be remembered that we closed in I 
on a rather pessimistic note, with the unstated 
but implied suggestion that the general Lennard- 


~ 47 W. Groth and P. Harteck, Naturwiss. 27, 584L (1939). 
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Jones model would turn out to be inadequate for 
the explanation of Nier’s data. This pessimism, 
the writer now realizes, was founded upon an 
incomplete realization of the sad inadequacy of 
the “initial slope’’ determinations. 

Ideally, work on this problem in the near 
future should proceed along two lines. There is a 
need for more experimental data on the thermal 
diffusion constant of isotopic mixtures, particu- 
larly at temperatures in the neighborhood of the 
critical temperature. In order that the Chapman- 
Enskog theory be capable of application, the 
measurements should preferably be made on the 
noble gases and on those metallic vapors whose 
atoms have a spherically symmetrical ground 
state. Secondly, we must work out the detailed 
predictions of other Lennard-Jones models, pre- 
ferably of the »,7 type. The necessary numerical 
calculations are discouragingly onerous, and it is 
to be hoped that the scientific methods of 
machine computation, which are just beginning 
to be developed at this late stage of scientific 
progress, will be of assistance in the execution of 
the computations. 
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A new method of experimental attack upon the problem 
of the structural dependence of the work functions of the 
metals is described. The method utilizes the results of 
recent electron diffraction studies which show that many 
cubic lattice metals when thermally vaporized and con- 
densed on heated cleavages of rocksalt form films which are 
in effect single crystals with a (100) plane parallel to NaCl 
(100). With silver as a typical metal of this class, there has 
been developed a technique of preparing an Ag(rocksalt) 
film in the measuring tube itself and of then determining its 
contact difference of potential against (1) polycrystalline 
silver films deposited on glass at room temperature, and 
(2) a reference metal of known work function, barium. The 
silver was fractionally distilled and only the middle 
fractions deposited on the glass and rocksalt targets, the 
barium fractionally and multiply distilled and its discarded 
fractions used to getter the tubes in which the measure- 
ments were made. The contact p.d. between Ag(rocksalt) 
and Ag(glass) has been found to range from 0.12 v in a 
preliminary measurement to 0.32+0.03 v in final measure- 
ments made after the technique of preparing the Ag(rock- 
salt) films had been perfected. The contact p.d. for Ag(glass) 
—Ba is found to be 1.95 v, in close agreement with our 


MAJOR problem in the experimental and 

theoretical study of work functions con- 
cerns the influence of the crystalline structure of 
a metal surface upon its work function. There is 
now abundant evidence for the existence of such 
a structure dependence but few quantitative 
data are available for surfaces of definitely known 
structure. Progress has been hampered by the 
extraordinary technical difficulties involved not 
only in preparing monocrystalline surfaces which 
are free from serious structural defects but in 
satisfying simultaneously the requirement, de- 
manded of all work function measurements, that 
these surfaces shall be free from adsorbed gases 
and vapors. With the exception of studies on 
tungsten,! by methods applicable only to the 
ultra-high melting point metals, previous work? 


* 1R. P. Johnson and W. Shockley, Phys. Rev. 49, 436 


(1936); C. E. Mendenhall and C. F. DeVoe, Phys. Rev. 
51, 346 (1937); S. T. Martin, Phys. Rev. 56, 947 (1939); 
M. H. Nichols, Phys. Rev. 57, 297 (1940). 

2H. E. Farnsworth and B. A. Rose, Proc. Nat. Acad. 
19, 777 (1933); B. A. Rose, Phys. Rev. 44, 585 (1933); H. E. 
Farnsworth and R. P. Winch, Phys. Rev. 58, 812 (1940). 


earlier results at liquid-air temperature. Work function 
values computed from these measurements and the work 
function of Ba, 2.52 ev, are 4.47 ev for Ag(glass) and 4.79 ev 
for Ag(rocksalt). Since two independent electron diffraction 
investigations, both especially complete for silver, indicate 
that Ag(rocksalt) films formed under the conditions of the 
present experiments invariably approximate closely to the 
ideal (100) structure, and since the contact potential 
method measures the average work function of a surface 
without weighting vestigial regions of imperfect symmetry, 
our Ag(rocksalt) work function value is identified tenta- 
tively with the work function of Ag(100). Our Ag(100) 
value is in good agreement with Farnsworth and Winch’s 
recent photoelectric measurements on a massive single 
crystal but Winch’s earlier value of 4.74 ev for the work 
function of a heat-treated silver wire is probably charac- 
teristic of the crystal faces of preferred orientation de- 
veloped by thermal etching rather than of randomly 
oriented polycrystalline silver. The method developed in 
the present work for measuring Ag(100) appears to be 
directly applicable to the (100) orientations of Ni, Cu, Au, 
Pd and Al. 


has been done with massive single crystal ingots 
and it has been necessary to prepare the required 
crystal faces by grinding, followed by chemical or 
electrolytic etching. Surface contaminations then 
have to be removed as completely as is possible 
in an outgassing in which the maximum per- 
missible outgassing temperature is limited by the 
onset of thermal etching, with attendant develop- 
ment of unwanted crystal facets. The method is 
necessarily laborious and there is some question 
as to the quality of the faces which can be pre- 
pared by its use. Rose,” in measuring the contact 
p.d. between the (100) and (111) orientations of a 
copper crystal prepared by this method, observed 
extraneous reflections on the finished faces and 
concluded that his final values were charac- 
teristic of crystal faces contaminated with gas 
and with unwanted crystal facets. 

A relatively simple method of preparing gas- 
free single crystal surfaces in the measuring tube 
itself, without atmospheric exposure, mechanical 
working or chemical etching, is suggested by 
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Briick’s observation’ that many isometric metals, 
e.g., Cu, Au, Ag, Ni and Pd, when thermally 
vaporized and condensed on heated rocksalt 
cleavages, form films which exhibit electron 
diffraction patterns characteristic of the (100) 
faces of single crystals of these metals. With the 
purpose of testing this possibility, experiments on 
the contact difference of potential between silver 
films condensed on glass and on rocksalt were 
started by the author early in 1936. The first 
experiments were vitiated by the use of natural 
rocksalt which, even after prolonged heating 
near the sublimation point, could not be outgassed 
sufficiently to allow the maintenance of an 
adequate vacuum in a sealed-off tube. This 
difficulty was removed by the use of artificial 
rocksalt crystals,‘ which are free from impounded 
water and hygroscopic impurities and give ex- 
ceptionally good cleavages. Other difficulties 
have been encountered in the tendency of silver 
films, deposited on rocksalt at too slow a rate, to 
show an erratic electrical conductivity and in the 
problem of making electrical contact to these 
films, much more fragile than films of similar 
thickness laid down on glass. Throughout the 
preliminary measurements, made with a variety 
of different tube designs and techniques, the 
silver films on rocksalt, to be designated Ag(rock- 
salt), were consistently electronegative to silver 
films on glass, Ag(glass), but reproducibility 
within satisfactorily narrow limits has been ob- 
tained only in the most recent measurements. 
Unlike the results reported in previous papers of 
this series and based on the measurement of 
twenty or thirty duplicate surfaces, the present 
““final”’ results are based on measurements of only 
two Ag(rocksalt) films, prepared and measured in 
different tubes. The present report is to be 
regarded primarily as a description of a new 
method of attack rather than as an exhaustive 
study of the work function of Ag(100). 


METHOD OF MEASUREMENT 


Except for modifications dictated by the 
special requirements of the problem and de- 
scribed in detail below, the method of preparing 


*L. Briick, Ann. d. Physik 26, 233 (1936). 

* These crystals, grown from fused NaCl, were furnished 
to me through the kindness of Dr. H. C. Kremers of the 
Harshaw Chemical Company, Cleveland, Ohio. 





MONOCRYSTALLINE SURFACES AND WORK FUNCTIONS 1035 


and measuring the metal surfaces was similar to 
that developed in the study of the contact 
differences of potential between different metals 
deposited on a single substrate. This method, for 
the details of which the reader is referred to the 
earlier papers of this series,> may be summarized 
briefly as follows. (1) Specimens of the two metals 
under investigation, of high chemical purity but 
containing absorbed and adsorbed gases, are out- 
gassed by repeated fusion while the measuring 
tube is undergoing a thorough baking and high 
frequency treatment on the pumps. One member 
of the metal pair is always barium; the other is 
the ‘‘unknown.” Barium, which gives vaporized 
films of highly reproducible and constant work 
function, is used both to getter the tube and to 
prepare the standard reference surface of known 
work function to which all our contact potential 
measurements are referred. (2) The tube is sealed 
from the pumps and each metal specimen 
fractionally distilled. A middle fraction of one of 
the metals is finally condensed on a movable 
target. (3) Immediately after the deposition of a 
fresh metal film upon it, the target is moved 
before an electron gun which supplies a constant 
energy (about 10 ev), constant intensity electron 
beam, and the retarding potential required to 
establish a given reference current is determined. 
This reference current is so selected as to be near 
the middle of the straight-line portion of the 
current-potential characteristic. (4) Step three is 
repeated for a succession of films of the first 
metal and the reproducibility of the potential 
setting for this metal thus determined. (5) Steps 
three and four are repeated for the second metal 
of the pair. The contact difference of potential 
between the two metals, or between films of a 
given metal deposited on different substrates, is 
then equal to the difference between the potential 
settings, i.e., to the shift of the current-potential 
characteristic with change of surface. 


TuBE DESIGN 


Figure lisa sketch of the most satisfactory of 
the tubes used in the present measurements. The 
barium vaporizer, connected at B but not shown, 
was identical in design to a vaporizer previously 


5 P. A. Anderson, Phys. Rev. 47, 958 (1935); 49, 320 
(1936); 54, 753 (1938); 57, 122 (1940). 
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described® and now being incorporated as a 
standard part in all of our tubes. It provides for 
both fractional distillation of the barium and for 
revaporization of any selected fraction, and con- 
tains a rotatable glass shutter which eliminates 
any possibility of contaminating the silver with 
barium during the preliminary vaporizations of 
the metals. The efficiency of this shielding has 
been checked repeatedly by operating the barium 
vaporizers with shield closed during the measure- 
ment of metal surfaces of high work function. 
Although such a surface is extremely sensitive to 
a slight barium contamination, no change in work 
function has been observed in any one of these 
tests. The silver vaporizer was a simple conical 
spiral of 20-mil tungsten wire. The important 
question of the efficacy of the vaporization 
method for producing gas-free silver surfaces is 
given special consideration in another section of 
this paper. The mounting of the rocksalt target R 
was such as to leave its surface entirely free of 
contacts or clamping lugs during the deposition 
of silver upon it, a precaution which is probably 
essential if structural disturbances in the silver 
film are to be avoided. As shown in the sketch, 
the rocksalt cleavage was carried on an inclined 
glass platform fitted with short glass stops. This 
design had the further advantage of permitting a 
fresh cleavage to be introduced into the tube 
quickly, immediately after it was prepared. To 
avoid errors originating in tube geometry, the 
clearance between the electron gun and each of 
the two targets was equalized carefully during 
the construction of the tube. In this adjustment 
a glass ‘“dummy” took the place of the rocksalt 
cleavage and the cleavage was then made to 
match the dimensions of the dummy. The rocking 
contact C was designed after simple brush-type 
contacts had been found unsatisfactory. The 
lightest practicable brushes, e.g., a whisker of 
3-mil tungsten wire, were found to scratch the 
Ag(rocksalt) films so seriously as to destroy 
electrical contact between film and brush. During 
the centering of the target before the gun, C was 
raised clear of the target path by traction on the 
armature N. The contact was then lowered 
carefully on to the edge of the target and a 
positive contact pressure maintained by the 
weight of the armature. 


® Reference 5, 1940 paper. 
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Fic. 1. The tube. The target assembly RGAVJ is all- 
glass, driven on bearing J by magnetic traction on the 
glass-enclosed armature M. The rocksalt target, lying 
loosely on the glass platform R, and the glass target G are 
both 2X18X20 mm. K is a wedge-in-slot separable junc- 
tion to facilitate mounting. The rocking contact assembly 
NCS comprises the 20-mil (0.5-mm) tungsten wire C 
tipped with a 2-mm loop of 12-mil Pt wire, a four-turn 
bearing of 30-mil Ta wire, with stop S, close wound on 
the 60-mil W lead-wire, and the glass-enclosed armature NV. 
The electron gun £ is of 4-mil Ta foil; emitter, 1-mil W 
foil 1.5 mm wide. For the silver and barium vaporizing 
chambers A and B, see text. 


MATERIALS 


The silver was Hilger’s ‘‘spectroscopically 
pure”’ material, supplied with an analysis showing 
the total impurity content to be 0.001 percent or 
less. (Hilger Laboratory No. 9696.) Since the 
contact potential method measures the average 
work function of a surface and the silver was 
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fractionally distilled in the measuring tube, 
errors due to solid impurities on the final silver 
surfaces must have been entirely negligible. The 
barium was taken from the same stock used in 
previous measurements and previously described.5 


PROCEDURE 


The pumping and outgassing procedure was 
similar, in the main, to that followed in the 
earlier studies of this series. An initial baking at 
500-550°C was carried out before the rocksalt 
target and barium charge were introduced into 
the tube. The vacuum was then relieved by dried 
air or dried helium (no advantage in the use of 
the latter could be observed) and the rocksalt and 
barium quickly introduced through suitably 
placed side tubes, not shown in the sketch. The 
final cleavage on the rocksalt specimen was made 
immediately before it was placed in the tube. The 
side tubes were then sealed off quickly and the 
tube immediately repumped. After baking for at 
least 72 hours at 350°C, with repeated high fre- 
quency heating of the electron gun to tempera- 
tures at which the tantalum began to vaporize, 
the silver and barium charges were melted down 
and the tube then sealed from the pumps. Before 
starting the measurements, or depositing any 
metal on either of the targets, the silver and 
barium were melted down repeatedly. During 
these preliminary fusions and ‘ vaporizations 
about 50 percent of the silver, and 80 percent of 
the barium, charge was discarded. Both the 
Ag(rocksalt) and Ag(glass) films were prepared 
and measured against each other before barium 
was deposited upon either target and before any 
barium vapor was allowed to enter the measuring 
chamber. To minimize the possibility of silver 
vapor condensing on the rocksalt before this 
target was heated, the Ag(rocksalt) film was 
deposited first. In the case of the tube sketched in 
Fig. 1, the rocksalt target was brought to the 
temperature selected for deposition, 200°C, by 
placing the whole tube in a small oven fitted with 
Calrod stove unit and mica windows. In earlier 
tubes the rocksalt cleavages were heated by 
radiation from tungsten wire grids mounted 
within the tube. This method shortens the time 
lapse between deposition and measurement of a 
film to the time required to swing the target to 


the measuring position and take a galvanometer 
reading, i.e., to about 10 seconds. It was an 
essential preliminary to the simpler technique 
and was discontinued only after it was found that 
neither the Ag(rocksalt) or Ag(glass) films 
showed any significant change of work function 
over a period extending from ten seconds to 
several hours after deposition. After securing the 
potential setting for the Ag(rocksalt) film, a 
succession of silver films was laid down on the 
glass target at room temperature and each film 
measured immediately after it was formed. After 
establishing the contact difference of potential 
between Ag(rocksalt) and Ag(glass), barium was 
deposited upon each of the targets with the 
purpose of checking our value’ for the work 
function of Ag(glass) and determining the effect, 
if any, of the structure of the silver substrate 
upon the work function of barium. 


APPRAISAL OF GAS CONTAMINATIONS AT VAPOR- 
IZED SILVER SURFACES 


As mentioned above, the silver was fractionally 
distilled in the sealed-off measuring tube and only 
the middle fractions condensed on the targets. 
During vaporization of the first discarded frac- 
tions the small silver globule was melted and 
solidified’ at least sixteen times. Between fusions, 
and in order to utilize the slow diffusion of gas 
through the solid metal, the silver was held at a 
temperature just below that at which vaporiza- 
tion was noticeable. Barium fusions, each ac- 
companied by vaporization, were interspersed 
between the silver fusions and the entire post- 
seal-off outgassing regime extended over a period 
of several weeks to allow thorough clean-up after 
each barium vaporization. Before this outgassing 
treatment was completed the silver ceased to 
emit any detectable quantity of gas upon 
remelting, an observation which indicates that 
equilibrium between the gases dissolved in the 
silver and the residual gas in the tube was 


7 Reference 5, 1936 paper. 

8 Since much of the gas which remains dissolved in a 
molten metal is segregated and forced out upon solidifica- 
tion, alternate fusion and solidification is an especially 
effective means for outgassing a metal. The efficacy of 
fusion in removing gas is due, of course, not only to a 
rapid increase in the diffusion rate with temperature but 
to convective stirring of the molten metal. 
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established or at least approached very closely.° 
When such an equilibrium is established the 
silver contains the minimum quantity of ab- 
sorbed gas possible for a given residual gas pres- 
sure. The main constituent of the dissolved gas, 
and the constituent most likely to form a con- 
tamination active in altering the work function, 
was probably oxygen. Since the oxygen evolved 
during outgassing reacted, in effect irreversibly, 

_with the barium getter, the equilibrium pressure 
of oxygen must have been vanishingly small. If, 
now, silver thus outgassed is vaporized and con- 
densed on a cool surface, the dissolved gas 
content will be temporarily reduced below the 
equilibrium value provided that, as is generally 
true for most gas-metal systems, the restitution 
coefficients for the gases are greater than the 
restitution coefficient for silver at a silver surface. 
Given a silver specimen outgassed to equilibrium, 
it is clear that a multiple distillation can be more 
effective than a single vaporization only if the 
dissolved gas equilibrium is thus disturbed, and 
such a disturbance must be followed by re- 
establishment of the equilibrium during the 
aging of the film. If it alters the work function 
measurably, i.e., if it is extensive enough to be 
significant in a work function determination, this 
process must be detectable in a series of work 
function measurements started within a time 
interval which is short compared to the time re- 
quired for the redeposition of an equilibrium 
layer of gas, a layer which becomes the source for 
any rediffusion of gas into the metal. In the 
present investigation, work function measure- 
ments started within 10 seconds of the formation 
of a fresh silver film showed no drift over aging 
periods extending to several hours. At the residual 
pressure obtaining in a barium gettered tube the 
redeposition of an equilibrium gas layer requires 
a time period far in excess of 10 seconds'® and we 
have, therefore, some reason to conclude that the 
equilibrium gas film which must have formed 
eventually was either (1) too dilute to have a 
measurable influence on the work function, or 
(2) was composed of gases to which the work 
function of silver is insensitive. In this connection 


* The dissociation pressure of AgeO is 388 mm at 773°K 
and increases with temperature. The combined oxygen 
must have been released in the first stages of the outgassing 
treatment. 

10 Reference 5, 1940 paper. 
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it should be pointed out that the common as- 
sumption that an equilibrium gas layer is always 
a completed ‘‘monomolecular layer” is not born 
out by kinetic analysis.'° If the residual gas pres- 
sure is sufficiently low and the time of sojourn of 
an adsorbed gas molecule sufficiently small, the 
covering factor may be much less than unity for 
the equilibrium layer. In a barium gettered tube 
the residual gas available for deposition on a 
freshly vaporized metal surface is the gas which 
is in equilibrium with the barium. Not only is the 
residual gas pressure extremely low ; the residuum 
must be composed of gases which are not strongly 
adsorbed by metal surfaces. 


THE STRUCTURE OF SILVER FILMS DEPOSITED 
ON ROCKSALT 


The results of the most recent structural 
studies" on silver-rocksalt films, insofar as they 
bear directly upon the present problem, may be 
summarized briefly as follows. (1) When a 
stream of silver vapor impinges upon a rocksalt 
cleavage heated to a temperature of 150—200°C, 
condensation starts with the formation of nuclei 
which have the orientation ‘of a silver lattice 
twinned on any one of the four possible octahedral 
(111) planes with respect to a silver lattice 
paralleling the lattice of the rocksalt substrate. 
As Menzer'" shows in detail, this structure 
satisfies the condition which requires approxi- 
mate matching of interatomic spacings in the 
contiguous NaCl and Ag layers. Since no one of 
the four possible orientations is favored, nuclei 
with all these orientations form at random on the 
(100) rocksalt surface. (2) As the condensation of 
silver proceeds, the nuclear crystals form, by 
interpenetration, a lattice which parallels NaCl 
(100) and which has the full cubic symmetry of 
Ag(100). (3) If the deposition of silver is stopped 
at a film thickness of the order of a few hundred 
A.U. there remain on the surface, in addition to 
the interpenetration regions of (100) symmetry, 


11G. Menzer, Zeits. f. Krist. 99, 410 (1938); O. Goche 
and H. Wilman, Proc. Roy. Soc. 51, 648 (1939). 

2—n the structural studies little attention has been 
given the well-known fact that the condensation of a 
metal vapor upon a dielectric is conditioned by the rate 
at which vapor is supplied to the surface as well as by 
surface temperature. Although only the target tempera- 
tures are specified, the order of vapor stream intensities 
can be inferred from descriptions of the deposition periods 
for films of specified thickness. 
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relatively small areas of lower symmetry in which 
the interpenetration has not been completed. 
These “interstitial’’ areas account for the satel- 
lites characteristic of electron diffraction photo- 
graphs taken on extremely thin Ag(rocksalt) 
films. If the deposition is carried to film thick- 
nesses greater than about 1000A the satellites 
disappear and the diffraction pattern becomes 
characteristic of Ag(100) alone. 

It is to be noted especially that in none of the 
independent structural investigations was pre- 
caution taken to deposit the thicker silver films 
under exactly controlled conditions. The fact 
that the thick films nevertheless gave undistorted 
(100) diffraction patterns in all cases warrants 
the conclusion that the technique is quite reliable. 
Since the contact potential method of determining 
work functions measures the average work func- 
tion of a surface without weighting regions of 
abnormally high or low work function, vestiges of 
the original interstitial regions persisting in a 
thick film might be expected to have little 
influence upon measurements made by this 
method. 

Most of our preliminary measurements were 
made before the more definitive structural results 
appeared. The conditions under which silver films 
of good electrical conductivity are formed, a con- 
sideration which did not enter into the structural 
work, were determined empirically. In the first 
tube to be constructed after the more obvious 
requirements for a satisfactory technique had 
been determined, the Ag(rocksalt) film was de- 
posited at such a low vapor stream intensity that 
a 90-minute exposure was required to form a 
semi-opaque film at a target temperature of 
200°C. The electrical conductivity of this film 
was somewhat erratic; it behaved as if composed 
of a mosaic of large patches separated by crevasses 
extending to the rocksalt surface. For a position 
of the contact which established a conducting 
path through the film, a contact p.d. of 0.12 v was 
observed between this film and the Ag(glass) 
films.’* In our latest measurements, the results of 
which are described below, the rate of deposition 
of the Ag(rocksalt) films has been so increased as 
to form an opaque film in from 20 to 30 minutes 
at a target temperature of 200°C, i.e., at a rate 


13 P, A. Anderson, Phys. Rev. 56, 850 (1939). 


comparable to that employed in the later electron 
diffraction studies. These films showed a normal 
conductivity and, except for their fragility, could 
be measured with all the ease and precision of 
silver films on glass. 


THE CONTACT P.D. BETWEEN Ag(ROCKSALT) 
AND Ag(GLaAss) 


Measurements on two Ag(rocksalt) films, pre- 
pared in two different tubes at the higher 
deposition rates described above, against two 
series of Ag(glass) films have given contact po- 
tential values lying within the extreme limits of 
0.29-0.35 v. As in all the preliminary as well as 
final measurements, the Ag(rocksalt) films were 
electronegative with respect to the Ag(glass) 
surfaces. The reproducibility was of the same 
order as that found in previous measurements on 
Ag(glass)—barium.’ Deviations from the mean 
value of 0.32 v appeared to be due largely to work 
function variations between the fourteen indi- 
vidual Ag(glass) films included in the final set of 
measurements. As described above, barium was 
deposited on both the Ag(glass) and Ag(rocksalt) 
surfaces after these surfaces had been measured 
against each other. The contact difference of 
potential Ag(glass)—Ba so determined was 1.95 
+0.02 v, in close agreement with our previous 
value of 1.94 v obtained with both silver and 
barium at liquid-air temperature.’ Since the 
difference between the room and liquid-air tem- 
perature values is less than the reproducibility of 
either set of measurements it cannot, of course, 
throw light on the temperature dependence of 
this contact p.d., except to indicate that the 
temperature coefficient is probably very small. 
The contact p.d. between barium and Ag(rock- 
salt) differed from that for Ba-Ag(glass) by values 
which fell within the limits of reproducibility for 
Ag(glass)-Ag(rocksalt). This result indicates that 
the structure of the silver substrate had no 
profound effect upon the structure, or at least on 
the work function, of a thick barium film de- 
posited upon it at room temperature. During the 
preliminary measurements an interesting inci- 
dental observation was made on a Ag(glass) film 
deposited at a target temperature of 200°C. The 
silver film thus prepared had the characteristic 
“milky” appearance associated with partial 
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agglomeration and was 0.09 v electronegative 
with respect to a mirror-like silver film formed by 
condensation on glass at room temperature. 


THE WorRK FUNCTION OF POLYCRYSTALLINE 
SILVER 


Combination of our value for the contact p.d. 
between Ag(glass) and vaporized barium, 1.95 v, 
with the work function of vaporized barium, 
established at 2.52 ev by the careful work of 
Jamison and Cashman," assigns the value 4.47 ev 
to the work function of Ag(glass) films deposited 
and measured at room temperature. Although 
this value agrees closely with our previous value 
of 4.46 ev for silver films deposited at liquid-air 
temperature, a recent paper by Farnsworth and 
Winch? makes necessary a re-examination of the 
question of the work function which is to be 
assigned to polycrystalline silver. As has been 
pointed out previously,’ the “polycrystalline 
state’’ appears to have distinctive meaning in 
work function measurements only when defined 
as a microcrystalline aggregate in which the 
crystallites, especially those crystallites exposed 
at the surface of the specimen, are oriented 
entirely at random. That such a definition is 
imperative is indicated by the fact that any 
group of crystallites which expose only faces of a 
single orientation must give the work function 
characteristic of that orientation alone. When 
silver is deposited on glass at liquid-air tempera- 
ture, the condition of random orientation is 
probably satisfied as closely as is possible in 
practice. But in discussing our work function 
value for silver films thus prepared, Farnsworth 
and Winch compare it directly with Winch’s 
early value of 4.74 ev, obtained for a silver wire 
outgassed by heating for 1200 hours at tempera- 
tures up to 850°C.'® They assume implicitly that 
agreement between these two values is to be 
expected. It should be pointed out, in the first 
place, that Farnsworth and Winch’s suggestion 
that the discrepancy in question may be due toa 
diffusion of barium through our silver films is 
rendered untenable by our measuring technique. 
As described explicitly in our previous paper,’ the 

4 N.C. Jamison and R. J. Cashman, Phys. Rev. 50, 


624 (1936). 
16 R. P. Winch, Phys. Rev. 37, 1269 (1931). 
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potential setting for silver was obtained not from 
measurement of a single silver film laid down on 
barium but from a succession of silver-on-silver 
films. Each silver film, measured as laid down, 
showed no significant deviation from the po- 
tential setting for films preceding and succeeding 
it in the series. This procedure completely ex- 
cludes any possibility of errors originating either 
in the diffusion of barium or in the persistence of 
incompletely covered patches of the substrate. 
Incidentally to the present work, furthermore, 
the silver films were deposited directly on glass 
and measured before any barium was introduced 
into the measuring chamber. In our earlier paper? 
the discrepancy was attributed tentatively to a 
difference in surface structure between (1) silver 
deposited from the vapor at liquid-air tempera- 
ture, and (2) silver with the structure of Winch’s 
heat-treated wire. Considered in the light of 
crystal growth theory,'* now well established and 
known to determine the development of crystal 
faces by thermal etching as well as by atom-by- 
atom growth, Farnsworth and Winch’s own 
recent measurements lend strong support to this 
conclusion. The prolonged heating of Winch’s 
silver wire must have produced extensive recrys- 
tallization with growth of a relatively small 
number of crystallites of preferred orientation. 
Furthermore, and as remarked by Winch, ex- 
tensive thermal etching occurred. The Kossel- 
Stranski theory, as applied to the face-centered 
cubic metals, shows that the crystal facets 
developed by the thermal etching of any metal of 
this class will consist predominantly of the 
crystal planes of densest packing. It is probable, 
therefore, that the surface of Winch’s wire con- 
sisted predominantly of facets bounded by (111) 
planes. If, now, we compare Winch’s work func- 
tion value, 4.74 ev, with the value of Farnsworth 
and Winch for the (111) face of a single crystal of 
silver, 4.75 ev, we have strong evidence for the 
conclusion that Winch’s value is to be identified 
with Ag(111) rather than with randomly oriented 
polycrystalline silver. It should be remarked that 
Farnsworth and Winch’s recent work indicates 
that both their value for Ag(111) and that of 


16 W. Kossel, Leipziger Vortrage (Hirzel, Leipzig, 1928); 


I. N. Stranski, Zeits. f. physik. Chemie B11, 342 (1930); 
A. Smekal, Handbuch der Physik (Julius Springer, Berlin, 
1933), Vol. 24, No. 2, p. 809. 
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Winch refer to surfaces contaminated by an 
equilibrium layer of gas. 


THe WorK FUNCTION OF Ag(ROCKSALT) ; 
oF Ag(100) 


A simple computation, similar to that de- 
scribed above for Ag(glass) films, assigns the 
value 4.79 ev to the work function of silver films 
deposited on rocksalt. As described in detail 
earlier in this report, electron diffraction studies 
have shown that thick Ag(rocksalt) films give 
undistorted (100) patterns when they are de- 
posited under conditions similar to, but less 
favorable than, those realized in the present 
work. We are justified therefore in tentatively 
identifying the work function observed for 
Ag(rocksalt) with the work function of Ag(100). 
It is conceivable that vestigial regions with 
symmetry lower than (100) may persist even in a 
thick Ag(rocksalt) film to a degree insufficient to 
be detectable in electron diffraction photographs 
but sufficient to affect a work function measure- 
ment. Since it is, of course, impossible to obtain 
an ideal crystal face by any experimental means 
whatever, the question of the magnitude of errors 
originating in deviations from the ideal structure 
can be answered only by independent measure- 
ments on a large number of surfaces known to 
approximate this structure. The deviations in 
question must be to some extent accidental and 
if it is found eventually that satisfactory repro- 
ducibility can be obtained for a sufficiently large 
number of surfaces it may be possible to conclude 


that the error involved in identifying the ob- 
served work function with @,00 is negligible. 

In their thorough study of a massive single 
crystal of silver, Farnsworth and Winch? obtain 
the value 4.81 ev for the work function of a (100) 
face. From observations on the effect of depositing 
vaporized silver upon it, they conclude that this 
face was contaminated with gas and that the 
value 4.81 ev is therefore characteristic of 
Ag(100) so contaminated. The deposition of the 
fresh silver film lowered the work function and, 
considering only the effects of gas contamination, 
their measurements could be interpreted as indi- 
cating that the true value of 00 is in fact lower 
than 4.81 ev. But the surface formed by the 
deposition of silver vapor, apparently on the cold 
monocrystal, was found to deviate markedly 
from the (100) structure and the complications 
introduced by simultaneous changes in both 
structure and gas contamination make it difficult 
to appraise the influence of either factor alone. 
The agreement between the two values for 09 is 
better than the probable experimental error 
involved in either set of measurements would 
lead us to expect and is probably, to some extent 
at least, fortuitous. The main significance of the 
present work is its indication that the condensa- 
tion of metal vapors on monocrystalline dielectrics 
promises to furnish a convenient and reliable 
method for preparing, in the measuring tube 
itself, metal surfaces of known and reproducible 
structure which are free from contaminations and 
the effects of mechanical working. The method 
appears to be immediately applicable to Ni, Cu, 


Pd, Al and Au. 
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Mechanism of Deuteron-Induced Fission 


N. Bour 


Institute of Theoretical Physics, University of Copenhagen, 
Copenhagen, Denmark 
May 8, 1941 


N nuclear transformations initiated by deuteron im- 

pact, two types of processes are, as well known, to be 
taken into consideration. In the process of the first type 
(process I), the intermediate state is formed by the capture 
of the whole deuteron by the nucleus; in the process of the 
second type (process II), the deuteron breaks up during the 
impact with the result that the proton escapes and only the 
neutron is taken up in the compound nucleus. As orig- 
inally pointed out by Oppenheimer and Phillipst and more 
closely discussed by Bethe,? the cross section for the forma- 
tion of the compound system may, under certain circum- 
stances, be considerably larger in process II than in process 
I. Still, a clear discrimination between the two types of 
processes by means of ordinary nuclear transformations 
seems so far to have met with difficulties, and it may, 
therefore, be of interest to point out that the study of 
deuteron-induced fission of heavy nuclei offers new possi- 
bilities for such a discrimination. 

Not only is fission easily distinguished from other pos- 
sible transformations but, in particular, a certain critical 
excitation energy different for different nuclei is necessary 
for fission to occur. Just as regards the excitation of the 
compound nucleus, the processes I and II differ essentially. 
While the excitation obtained by process I will be far 
greater than the neutron binding energy for all nuclei 
concerned, it will, in process II, on the average be smaller 
than this energy. Since, for the abundant uranium isotope, 
as well as for thorium, the critical fission energy is higher 
than the neutron binding energy, it was concluded? that a 
considerable output of nuclear fission in thorium and 
uranium could only be expected in processes of type I. 
Even if, in certain deuteron energy regions, processes of 
type II should be more probable, they would almost en- 
tirely result in a permanent capture of a neutron with 
formation of radioactive uranium and thorium isotopes 
with well-known periods. 

One of the possibilities of testing these arguments is 
offered by a comparison between the fission yields in 
uranium and thorium. This is possible because the prob- 
ability of fission of the compound nucleus in process I may 
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be estimated with a high degree of approximation. In 
fact, the excitation energy in process I will not only be 
sufficient for fission to occur in competition with neutron 
escape, but even the excitation of the residual nucleus left 
after the escape of a neutron will be large enough to make 
a fission quite probable. The total probability for fission 
of the compound nucleus in such successive transforma- 
tions was thus estimated‘ to be nearly 1 for uranium and 
about 0.8 for thorium. These expectations seemed con- 
firmed by the experiments reported by Jacobsen and 
Lassen® who found that the ratio of the fission cross sections 
in uranium and thorium at 9-Mev deuteron energy was 
approximately 0.7. 

In a later discussion of these experiments,* however, it 
has been realized that the cross section for the formation of 
the compound system in process I, because of the smaller 
nuclear charge, must be expected to be 25 percent greater 
in thorium than in uranium. If the whole fission effect in 
both elements was due to processes of this type, the theo- 
retically estimated ratio of the fission yields in thorium and 
uranium should, consequently, instead of 0.8, be about 1.0. 
The difference between this last figure and the measured 
value 0.7 seems too great to be explained, unless it is 
assumed that a considerable part of the effect, at any rate 
in uranium, is due to processes of type II. A support of this 
conclusion is also offered by a closer comparison of the 
fission effects in thorium and uranium for smaller deuteron 
energies. Thus, in the experiments of Jacobsen and Lassen 
the fission cross section for deuteron energies about 8 Mev 
is relatively higher in uranium than in thorium, as would 
be expected if a part of the effect in uranium sets in for 
lower energy values. 

A contribution of process II to the fission effects 
which is relatively greater in uranium than in thorium 
may be expected from the fact that the critical fission 
energy of the compound nucleus for thorium is almost 2 
Mev higher than the neutron binding energy, while, for 
the abundant uranium isotope (238), the difference is 
smaller than 1 Mev. Moreover, in the energy region con- 
cerned, where the fission cross section is less than 1 percent 
of the geometrical nuclear cross section, it is possible that 
a not inconsiderable contribution is due to the lighter rare 
uranium isotope (235). Since, for this isotope, the critical 
fission energy of the compound nucleus in process II is 
about 1 Mev lower than the neutron binding energy, the 
probability of fission may, for the low excitations obtained 
by such a process, be far greater than for the heavy isotope. 

To clear up the different questions raised, it would be 
very desirable that experiments on deuteron-induced 
fission be extended to a region of greater deuteron energies, 
and, especially, that such experiments be performed with 
separated uranium isotopes and with protactinium, for 
which the critical fission energy of the compound nucleus 
is nearly equal to the neutron binding energy.’ 


1 J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, 500 (1935). 

2H. A. Bethe, Phys. Rev. 53, 39 (1938). 

3N. Bohr and J. A. Wheeler, Phys. Rev. 56, 449 (1939). 

4N. Bohr, Phys. Rev. 58, 864 (1940). 

& J. C. Jacobsen and N. O. Lassen, Phys. Rev. 58, 867 (1940). 

6 J. C. Jacobsen and N. O. Lassen, Det Kgl. Danske Vidensk. Selsk. 
Math.-fys. Medd. (Math.-phys. Comm., Acad. Sci. Copenhagen), 
in print. 

7 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 1065 (1939). 
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Fission Cross Section in Uranium and Thorium 
for Deuteron Impact 


J. C. JACOBSEN AND N. O. LASSEN 
Institute of Theoretical Physics, University of Copenhagen, 
Copenhagen, Denmark 
May 8, 1941 


S reported in a previous note,! experiments have been 
A carried out with the cyclotron in this institute to 
investigate the cross section for fission in thorium and 
uranium produced by impact of deuterons with different 
energies. The fission outputs were determined by collecting 
the radioactive fragments on aluminum foils facing the 
targets and screened from the deuteron beam. Because of 
the difficulty of estimating the number of fission processes 
from the 8-radioactivity of these foils, a considerable un- 
certainty, however, was involved in the determination of 
the absolute value of the fission cross section. 

In continued experiments, this uncertainty has been 
reduced by a calibrating procedure in which two thin 
uranium targets were exposed to neutron impact. One of 
the targets was placed in a small ionization chamber and 
the number of fission particles emitted from this target 
counted by a linear amplifier. The fission particles from the 
second target were collected on a thin lead foil; the distance 
between the two targets was sufficiently small to ensure 
that the neutron intensity was very nearly the same. 
By measuring the activity of the collecting foil with the 
same counting arrangement as in the experiments with 
deuterons, the ratio between the foil activity and the 
number of fission particles emitted during the irradiation 
could thus be determined. 

Instead of the preliminary value of 0.5-10-* cm? given 
in the previous note, the measurements thus calibrated 
gave now the value (2.2+1)-10-%* cm? for the fission 
cross section in uranium at 9-Mev deuteron energy. The 
results found for the variation of the cross section with 
deuteron energy and the ratio between the cross sections in 
thorium and uranium given in the note remain, of course, 
unaltered. From the value 0.7 for the last ratio, which 
agrees with the independent determination by Krishnan 
and Banks,? we obtain in consequence, (1.5+0.7)-10-* 
cm? for the fission cross section in thorium at 9-Mev 
deuteron energy. 

Details of the experiments are described in a paper in 
print in the Communications of the Copenhagen Academy of 
Sciences where, also, a description of the cyclotron has 
just been published.* 

'J. C. Jacobsen and N. O. Lassen, Phys. Rev. 58, 867 (1940). 

R. S. Krishnan and T. E. Banks, Nature 145, 860 (1940). 


3J. C. Jacobsen, Det Kgl. Danske Vidensk. Selsk. Math.-fys. Medd. 
19, 2 (1941). 





The Resistivity of Interstellar Space 


FreD L. MOHLER 
National Bureau of Standards, Washington, D.C. 
May 5, 1941 


N a paper by Foster Evans on “Electric fields produced 
by cosmic rays,” the conductivity of interstellar 
space has been computed on the assumption that electrons 


THE EDITOR 1043 


are scattered by neutral atoms with a collision radius of 
10-8 cm. He assumes that there are two neutral atoms, one 
ion and one electron per cm‘ and that the electron tempera- 
ture is 10,000°K. For these conditions the collision radius 
for a collision between an electron and a positive ion® is 
5010-8 cm so that the scattering by neutral atoms is 
entirely negligible. The mean free path is about 5X 10" cm 
and not 10" cm as estimated by Evans. 

The resistivity is given by the equation for an ionized 
gas? 

1.48 x 104 T? 


R TA log 0.72 « 106 NW 

where & is resistivity in ohm-centimeters, 7, is electron 
temperature and N, is the number of ions per cm*. The 
above numerical values give the resistivity of interstellar 
space as 0.2 ohm-centimeter; a value comparable with the 
resistivity of an intense low pressure discharge. The 
resistivity is extremely insensitive to variations in the 
number of ions or in the degree of ionization provided more 
than 1 percent of the atoms are ionized, and it remains of 
the same magnitude even within a stellar atmosphere. 
While this is a higher resistivity than assumed by Evans, it 
does not change the general conclusion of his paper that 
interstellar space is an equipotential region and that no 
conceivable energy source can change the potential of a 
star by more than a few volts. 


1 Foster Evans, Phys. Rev. 59, 1 (1941). 
2S. D. Gvosdover, Physik. Zeits. Sowjetunion 12, 164 (1937 





Are There Spin One Mesotrons? 
H. SNYDER 
Department of Physics, Northwestern University, Evanston, Illinoi 
May 27, 1941 
HE work of Christy and Kusaka! shows that the 
mesotrons which are mainly responsible for bursts at 
low altitudes cannot be particles of spin one, probably have 
spin zero, though possibly spin one-half. If mesotrons are 
responsible for nuclear forces, and if they do not have spin 
one-half, then the known spin dependence of nuclear forces 
demands that, in addition to mesotrons of spin zero, there 
must be particles of spin one. The experiments of Schein, 
Jesse and Wollan? indicate that the incident radiation is 
protonic and that the mesotrons are probably produced in 
multiple nuclear processes. If these things are true, it is 
extremely difficult to believe that mesotrons of spin one are 
not produced in addition to those of spin zero. Since such 
particles are not present in appreciable amounts at low 
altitudes, they must be highly absorbable. The radiative 
cross sections for particles of spin one are not adequate to 
account for so high an absorption. However, if spin one 
mesotrons disintegrate with a lifetime of about 10~* second 
there is no contradiction with cosmic-ray evidence. This 
lifetime would be satisfactory for the mesotron theory of 
B-decay. 


1R. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (1941). 
? Learned in conversation ,withjM. Schein. 
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On Secondary Slow Mesotrons 


V. I. VEKSLER AND N. A. Dosrotin 
Physical Institute, Academy of Sciences of the USSR, Moscow, USSR 
March 28, 1941 


ECENTLY many investigators! have reported that 
observations at high elevations (8-9 km) point to an 
unexpectedly large amount of slow mesotrons in the cosmic 
radiation. These observations indicate that the processes of 
production of mesotrons play an important role, not only in 
the stratosphere but also at considerably lower elevations. 
Rossi and Regener? have recently performed some very 
elaborate experiments which enabled them to detect the 
formation of secondary penetrating particles at a height of 
only 4200 meters above sea level. 

It ought to be mentioned that our experiments, carried 
out on Mount Elbrus, Caucasus, at a height of 4250 m, 
according to a completely different method vielded similar 
results as early as 1937.3 

In 1936 we developed a method based on the utilization 
of the so-called proportional counters for observing the 
heavily ionizing particles of the cosmic radiation. The 
sensitivity of the counters used was such that the only 
particles recorded with a probability close to unity were 
those which caused an ionization exceeding by at least 3 to 
6 times the value corresponding to the minimum of the 
ionizing agents; i.e., an ionization at least 3—6 times greater 
than that of fast electrons with energies of the order of 
several Mev. 

Coincidences in two groups of such counters, placed one 
above the other (the counters of each group were connected 
in parallel and placed inside thin-walled metallic boxes), 
were registered as usual. These coincidences are caused by 
showers as well as by slow ionizing particles. The coinci- 
dences caused by single slow mesotrons can be eliminated 
by interposing a thin layer between the boxes.* Thus, the 
number of coincidences eliminated by the layer determines 
the number of these slow mesotrons. 

Observations on Elbrus® in 1938 and 1939 showed that 
the number of particles absorbed by a layer 0.5 g/cm? thick 
comprise approximately 0.1 percent of the total number of 
the penetrating particles. By examining the shape of the 
absorption curve and the dependence of the number of 
particles absorbed on the sensitivity of the counters, we 
conclude that the particles thus counted are, in the main, 
slow mesotrons at the end of their paths and that they 
possess kinetic energy of the order of 107 ev.? 

The value of percentage of these particles per one pene- 
trating particle (0.1 percent) excludes the possibility that 
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we are dealing with the ends of the paths of the primary 
mesotrons themselves. 

It is essential to point out that, according to our data, the 
number of slow mesotrons remains practically unchanged 
when the whole arrangement is placed under 30 cm of Pb. 

In order to check directly the hypothesis of the secondary 
nature of the registered particles, and also to obtain data on 
the distribution of their total ranges, observations were 
carried out at the same height in the summer of 1940. The 
arrangement employed is shown in Fig. 1. 


Fic. 1. Arrangement 
ol counters. 





In order to reduce the number of pulses due to showers, 
we employed an anticoincidence circuit. The particles 
under investigation, recorded previously by means of a 
layer introduced between the two proportional counters 
a and b, were now absorbed by a screen (0.7 g/cm?) 
interposed between 6 and B and did not cause impulses in 
the anticoincidence counter B, whereas showers actuated 
this counter as well. 

In distinction to the previous circuit, only threefold 
coincidences Aab were recorded (with and without the 
layer) which did not coincide with impulses in B, in other 
words, the coincidences Aab— B. We note here that A and 
B are not proportional counters. Filters of various thick- 
nesses were introduced between A and a. 

The results of these observations are summarized in 
Table I. They give a direct proof of the secondary nature 
of the particles observed; their amount decreases rapidly 
when the thickness of the layer between A and a increases. 

The experiments described here do not permit us to 
conclude with absolute certainty that the particles we 
observed are generated by a non-ionizing penetrating 
component. However, they are in complete accord with this 
hypothesis which we arrived at as a result of some of our 
previous observations.® § 

It is possible that the phenomenon we observed is 
identical with that observed recently by Rossi and Regener? 
under different conditions. However, whereas the observa- 


TABLE I. Summary of data. 
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tions of these investigators do not vield direct evidence on 
the nature of the recorded particles (they could have been 
protons as well as mesotrons) it can be asserted that in our 
experiments mesotrons were observed. Our experiments also 
bring to light an essential singularity—the predominance of 
secondary slow particles with exceedingly small ranges. 

The authors express their gratitude to Professor D. V. 
Skobelzyn for helpful suggestions and valuable discussions 
of results. 


1G. Herzog, Phys. Rev. 57, 337 (1940); M. Schein, E. O. Wollan, 
G. Groetzinger, Phys. Rev. 58, 1027 (1940); G. Herzog, Phys. Rev. 59, 
17 (1941); G. Herzog and W. H. Bostick, Phys. Rev. 59, 122 (1941). 

2 B. Rossi and H. Regener, Phys. Rev. 58, 837 (1940). 

3V. Veksler and B. Isajev, Comptes rendus Acad. Sci. USSR 17, 189 
(1937); V. Veksler and N. Dobrotin, Comptes rendus Acad. Sci. USSR 
19, 479 (1938). 

‘The probability of such electrons having been recorded by our 
counters is exceedingly small. 

5 The cathodes of the counters were made of brass nets; the walls of 
the boxes which enclosed the counters were 0.09 g/cm? thick. 

6V. Veksler, K. Alekseeva and N. Reynov, Comptes rendus Acad. 
Sci. USSR 21, 122 (1938); V. Veksler and N. Dobrotin, Bull. Acad. Sci. 
USSR, Série Physique 4, 260 (1940). 

7 These observations also pointed to the existence of heavily ionizing 
particles with essentially longer ranges of the order of a few grams per 
cm?, i.e., apparently slow secondary protons. 

8 V. Veksler and N. Dobrotin, Comptes rendus Acad. Sci. USSR 25, 
103 (1939). 





Time Lags in Geiger-Miiller Counter Discharges 


C. G. MONTGOMERY AND D. D. MONTGOMERY 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
June 2, 1941 


OME time ago we reported! the existence of delayed 
counts in Geiger-Miiller counters in which the appear- 
ance of a potential on the counter wire did not take place 
until several microseconds after the formation of the 
primary ions responsible for the discharge. We suggested 
that the cause of this long time lag was the capture of the 
electrons of the primary ion pairs, forming negative 
molecular ions which moved relatively slowly into the 
region of the counter wire. In this region of high field 
strengths, the molecular ions were broken up and the 
electrons released were multiplied by the ordinary processes 
of ionization by collision. These long-time lags are not to be 
confused with the shorter ones which represent the periods 
necessary for the building up of the space charge around the 
counter wire. 

Some new experiments have been performed to establish 
the correctness of this explanation, and to measure the 
capture probabilities. A counter 18 mm in diameter and 120 
mm long, with an oxidized copper cathode, was used. 
Ultraviolet light could strike the intefior of the cathode by 
passing through a quartz window and a small hole in the 
cathode, and eject photoelectrons. The light was produced 
by a spark which caused, at the same time, an electrical 
pulse. The difference in time between the occurrence of this 
pulse and the beginning of the change of potential of the 
counter wire was measured by a vacuum-tube circuit of the 
type previously described.! 

If n is the average number of photoelectrons produced by 
a spark, then the fraction f of the number of sparks which 
cause a counter discharge is f=1—e~". If @ is the proba- 
bility that an electron be captured in such a manner as to 
produce a time lag greater than a given amount r, then the 
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TABLE I. Values of the probahility @ that an electron will be captured s 


ELECTRONS PER SPARK, ” 0.22 0.41 0.64 MEAN 


r, microseconds 


1.4 0.40 0.42 0.39 0.40 
ya 0.19 O17 0.18 0.18 
3.7 0.08 0.10 0.08 0.08 


probability p that the spark will give rise to a delayed 
counter discharge is 


= e-™n™ 
P= ¥ a™ —— = (em—1)e-, 
m=l1 m! 


since all of the electrons must be captured if the count is to 
be delayed. Hence, by measuring p and f, m and a may be 
determined. If the proposed explanation for the delayed 
counts is correct, then the values @ calculated in this way 
should be independent of m for a given pressure and 
composition of the gas in the counter. Thus, measuring @ 
provides a sensitive test of the correctness of the picture. 

An example of the results of such a test is shown in 
Table I. The counter was filled with a mixture of argon 
with six percent oxygen at a pressure of 104.5 mm of 
mercury. For a given time lag the values of a are the same 
within the accuracy of the observations. 

Other observations show that a increases with increasing 
pressure. From the knowledge of the time of travel of the 
negative molecular ions, we can estimate the capture cross 
section of an electron by an oxygen molecule to be of the 
order of 107!8 cm*. This is in agreement with the results of 
Rose and Ramsey,? and other more direct determinations. 

If the primary ions are produced within the gas of the 
counter, as when gamma-rays or cosmic rays are being 
counted, then both and a increase with the pressure of the 
counter gas. Hence, as the pressure is increased, the 
probability of a delayed count p first increases, reaches a 
maximum value, and then decreases again. 

1C. G. Montgomery, W. E. Ramsey, D. B. Cowie and D. D. Mont- 


gomery, Phys. Rev. 56, 635 (1939). 
2M. E. Rose and W. E. Ramsey, Phy. Rev. 59, 616 (1941). 





Superconducting Films as Radiometric Receivers 


D. H. ANpReEws, W. F. Bruckscn, Jr., W. T. ZIEGLER 
AND E. R. BLANCHARD 


The Johns Hopkins University, Baltimore, Maryland 
May 31, 1941 


HREE years ago a series of experiments was under- 
taken to investigate the usefulness of superconducting 
films as resistance thermometers in the measurement of 
small quantities of energy! and in particular as receivers in 
radiometers. The latter application has since been sug- 
gested independently by A. Goetz.? Because of the interest 
in the optical properties of superconducting surfaces and the 
possibilities of this new radiometric method in the infra- 
red, we are presenting a few preliminary results at this 
time. 
Lead films were prepared* by evaporating the metal on 
clean glass in a high vacuum giving a bright metallic 
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mirror-like surface. The glass was in the form of a ribbon 
1.5 cm long, 1 mm wide and 25,u thick, fused to a glass plate 
at the ends in such a way that the ribbon bowed up 
slightly in the middle. Contacts were made by means of 
platinum wires sealed into the glass at the ends of the 
ribbon. This “‘receiver’’ was placed on a thin copper base- 
plate suspended on quartz fibers attached to a small heavy- 
walled copper vessel in which the liquid helium was made 
by the Simon expansion method. Our most sensitive film 
had a transition zone roughly 0.02° wide in which the 
resistance varied from 100 ohms (normal) to 107% ohm 
(superconducting). The estimated thickness of the film was 
10 mu. Other films studied varied in thickness up to 500 mu 
and had correspondingly lower resistances. By means of a 
small electrical heating coil attached to the base-plate, the 
temperature of the film was maintained in the middle of the 
“steep” portion of the transition during the radiation 
measurement. Judging from the observed fluctuation in 
resistance of the lead film, the temperature was maintained 
effectively constant to within 10~¢ degree. 

The source of radiation was a blackened copper disk, 
electrically heated and with thermocouple attached. It was 
suspended about 5 cm above the receiver, with shutter and 
diaphragms in between so that measured amounts of energy 
could be transmitted. 

The potential drop across the film was measured with a 
potentiometer circuit, the galvanometer beam having a 
deflection of 1 cm per uv. Radiation was flashed on the 
receiver from the radiator at a series of temperatures from 
15°K to 150°K. The receiver was at a temperature of about 
7°K and the shutter at 14°K. 

The largest ratio of potential drop to input of radiant 
energy was obtained with the unblackened 10 muy film. This 
receiver (glass+lead) had a heat capacity of about one erg 
deg.!. A beam of radiant energy, 6 erg sec.“', produced a 
galvanometer deflection corresponding to about 6 millivolts 
in less than 1 sec. This is equivalent to a sensitivity of 10~¢ 
erg sec.~' per mm deflection. Blackening the lead surface 
with a thin layer of cobalt oxide produced no appreciable 
increase in sensitivity. 

Because of temperature fluctuations in the receiver, this 
sensitivity of 10~* erg sec.~! per mm deflection was too high 
to permit accurate measurements. The highest precision 
obtained was in an experiment with the radiator at 35°K. 
A beam of 2X 10-4 erg sec.“ gave a deflection of 7 mm. The 
probable error corresponded to 1.5 mm, giving a precision 
of measurement of 4X 1073 erg sec.~!. 

It appears that the ratio of potential drop to radiant 
energy input is several orders of magnitude higher than in 
the other methods for measuring radiation in the infra-red 
region, and that the possibilities for sensitivity and pre- 
cision are correspondingly high. It is probable that, with 
superconducting receivers of higher resistance, more 
sensitive galvanometer systems, and better temperature 
control, the precision can be improved considerably beyond 
the results reported here. 

We wish to express our appreciation to Professor 
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A. H. Pfund for helpful advice and suggestions. Grateful 
acknowledgment is made of a grant-in-aid from Research 
Corporation. 

1D. H. Andrews, Am. Phil. Soc. Year Book (1938), p. 132. 

2 A. Goetz, Phys. Rev. 55, 1270 (1939). 


3W. F. Brucksch, Jr., W. T. Ziegler, E. R. Blanchard and D. H. 
Andrews, Phys. Rev. 59, 688 (1941). 





Production of Radioactive Hydrogen by Neutron 
Bombardment of Boron and Nitrogen 


R. CoRNOG AND W. F. Lipsy 


Radiation Laboratory, Department of Chemistry, University of 
California, Berkeley, California 


May 13, 1941 


ATURATED water solutions containing an excess of 
boric acid crystals, or of ammonium nitrate crystals, 
were bombarded for several thousand microampere hours 
by fast neutrons produced by the Be®(d, )B"™ reaction, 
with 16.5-Mev deuterons. In all cases the water surrounding 
the crystals, when placed as water vapor in a Geiger- 
Miiller counter, showed an activity of approximately 10* 
counts per mole per second. Control samples of distilled 
water had less than five percent as much activity. 
The following reactions are energetically possible, with 
20 Mev as the upper limit of the neutrons used: 


5B!°+ on'—[;B" }*—>,Be*+,H?+Q: (1) 
«Be*—>2,Het 

5B" + on'—+[,B'” ]*—>,Be?+ 1H?+Q2 (2) 

7N!4+ on'—>[;N ]*—>,C®+ ,H?+0; (3) 

7N"4+ on!—>[,N'5]*+3,He!+ |H?+0; (3a) 

7N'5+ on!—>[,N'!°]*>,C8-+ ,H3 +0, (4) 


where Q:=+0.2 Mev; Q:=—9.6 Mev; 0;=—4.3 Mev; 
Q,=—10.1 Mev; Q;=—11.5 Mev. 

Reaction (1) might be expected, since the compound 
nucleus formed has already been observed to yield radio- 
active hydrogen.! 

Since only 0.38 percent of the bombarded nitrogen was 
N'5, it is not likely that reaction (4) was primarily re- 
sponsible for the observed activity. 

The total neutron output of the 60-inch cyclotron has 
been recently measured by Dr. Emilio Segré and Mr. 
Hubert Yockey. Using their unpublished and preliminary 
result of one neutron per 200 deuterons, and 31 years as the 
half-life,2? one may obtain a rough value for the reaction 
cross sections. Assuming that (1) and (2) are involved for 
boron, and (3) and (3a) are involved for the nitrogen, one 
obtains for both elements approximately 10~** cm? as the 
fast neutron cross section for the production of hydrogen 
three. It is estimated that these values for both cross 
sections may be in error by a factor of five. 

We wish to thank Professor E. O. Lawrence and the 
entire staff of the Radiation Laboratory for their interest 
and cooperation in all phases of this work. 


1R,. D. O'Neal and M. Goldhaber, Phys. Rev. 57, 1086 (1940). 
2 R. D. O'Neal and M. Goldhaber, Phys. Rev. 58, 574 (1940). 
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Production of He®, R. D. Hill—103(L) 
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Radiation properties of heavy nuclei, V: F. Weisskopf 
318 

Radii of light elements, D. R. Elliott—918(A) 

Spacing of nuclear levels, H. Margenau—467(A) 

Statistics of excited states, H. Margenau—627 

Volume of heavy nuclei, R. D. Present—918(A) 


109(A), 325; G. B. 


Optical constants and properties 
Deflection by general anisotropy, P. Frank—475(.A) 
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Hawkes—921(A) 
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Light scattered in liquids, L. H. Dawson, E. O. Hulbert 


—914(A) 

Reflectivity of Al and Cu in ultraviolet, M. Banning 
914(A) 

Relaxation time of colloidal particles, B. W. Sakmann 
—935(A) 


Optical instruments (see Methods and instruments) 


Paschen-Back effect (see Zeeman effect) 
Photo-conductivity 
Of willemite crystal, R. C. Herman, R. Hofstadter—79 
Photoelectric effect and properties; cells 
Field dependence, surface photo-effect, C. J. Mullin, 
E. Guth—867, 943(A) 
Of monocrystalline surfaces, P. A. Anderson—1034 


Sensitization of surfaces by dissociation of water vapor, 
| 8 : Ty kociner, L. R. Bloom—115(A) 
Of thin Bi films, A. H. Weber, L. J. Eisele, S. J.—473(A) 
Photo-ionization (see Ionization by radiation) 
Proceedings of the American Physical Society 
Chicago, Illinois, Meeting, November 22-23, 1940—105 
Pasadena, California, Meeting, December 20-21, 1940 


—215 
Philadelphia, Pennsylvania, Meeting, December 26-28, 
1940—464 
Cambridge, Massachusetts, Meeting, February 21-22, 
1941—682 
Metropolitan Section, Meeting, March 28, 1941—772 
Southeastern Section, Meeting, April 4-5, 1941—910 
Washington, D. C., Meeting, May 1-3, 1941—913 
Quantum mechanics (see Mechanics, quantum) 
Radiation 
Annihilation quanta, R. Beringer, C. G. Montgomery 
—933(A) 


Quadrupole and magnetic dipole radiation, F. A. Jenkins, 

S. Mrozowski—915(A) 
Radio (see also Ionosphere; Electrical circuits) 

Input impedance of antenna, R. King—684(A) 

Velocity of radio-waves, short distances, R. C. Colwell, 
H. Atwood, Jr., J. E. Bailey, C. O. Marsh—935(A) 

Radioactivity (see also Disintegration of nucleus) 

Absolute yield of y-radiation, J. F. Streib, W. A. Fowler, 
C. C. Lauritsen—215(A) 

Activation of Cl by neutrons, R. D. O’Neal—109(A) 

a-particle range in gases, T. N. Hatfield, R. C. Smith 
—911(A) 

8-ray spectra of Sc, G. P. Smith—937(A) 

Coincidence study of Br®, J. R. Downing, A. Roberts 
—940(A) 

Concentration of radioactive metals, J. Steigman—498 

Of o Et, 8-ray spectrum, E. Haggstrom—322(L) 

Energy of y-rays of radio-yttrium, G. Scharff-Goldhaber 
—937(A) 

Excitation by x-rays, J. R. Feldmeier, G. B. Collins 
—937(A) 

Forbidden transitions in B-decay, R. E. Marshak 
937(A) 


Fourth (4n+1) radioactive series, A. V. Grosse, E. T. 
Booth, J. R. Dunning—322(L 

y-radiation from airplane instruments, R. B. Taft 
470(A) 

y-ravs from Au, E. H. Plesset—936(.\) 

Of Ge isotopes, G. T. Seaborg, J. J. Livingood, G 
Friedlander—320(L); R. Sagane, G. Miyamoto, M. 
Ikawa—904(L) 

Half-life of 14Si??, 6S", »A%, and »Sc#, L. D. P. King, 
D. R. Elliott—108(A) 

Of H3, R. Cornog, W. F. Libby—1046(L) 

H$ g-ray, S. C. Brown—687(A 

Internal conversion in Re, G. E. Valley—686(A) 

Isolation of radioactive Sr and Ba, J. D. Kurbatov, M. 
L. Pool, H. B. Law—919(A) 

Isotope of Pa, G. T. Seaborg, J. W. Gofman, J. W. Ken- 
nedy—321(L) 

Isotopes of I, A. Roberts, J. W. Irvine, Jr.—936(A) 

Isotopes of Nd, Il and Sm; periods, H. B. Law, M. L. 
Pool, J. D. Kurbatov, L. L. Quill—936(A) 

Isotopes of Os, G. T. Seaborg, G. Friedlander—400(L) 

Of Mn** and I'*, R. H. Bacon, E. N. Grisewood, C. W. 
van der Merwe—531 

Positrons from light nuclei, M. G. White, E. C. Creutz, 
L. A. Delsasso, R. R. Wilson—63 

Production and use of C', S. Ruben, M. D. Kamen 
—349 

Radiations from Co, A. S. Jensen—936(A) 

Radiations from I"! Xe™!, M. Deutsch—940(A) 

Radioactive Ba from Cs, H. W. Collar, J. M. Cork, 
G. P. Smith—937(A) 

Radioactivity of rocks, R. D. Evans, C. Goodman 
920(A) 

Radio-elements in the ocean, W. D. Urry—479(A) 

Of Rb, A. C. Helmholtz, C. Pecher, P. R. Stout—902(L) 

Rules concerning isobaric nuclei, A. E. Haas—107(A) 

Of Sc", A and :«S", D. R. Elliott, L. D. P. King 
—403(L) 

Selection rules in B-decay, J. R. Oppenheimer—908(L) 

Of slow mesotrons, F. Rasetti—706 

Transmutation of Hg by neutrons, R. Sherr, K. T. 
Bainbridge—937(A) 

Of Xe, E. P. Clancy—686(A) 

Raman spectra 

Of alkyl acetylenes, F. F. Cleveland, M. J. Murray 
924(A) 

C isotope effect in acetylenes, F. F. Cleveland, M. J. 
Murray—475(A) 

Of ethers, F. F. Cleveland, M. J. Murray—107(A) 

Of 6-dodecyn-5-one, F. F. Cleveland, M. J. Murray 
478(A) 

Recombination 
Recombination at different surfaces, W. V. Smith 
689(A) 
‘Relativity 
Asymmetrical metric of general relativity, G. Randers 
195 

Dynamics of a particle, C. Lanczos—813 

Gravitational field in special relativity, N. Rosen 
927(A) 
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Relativity (continued ) In colored alkali-halide crystals, J. P. Molnar—944(A) 


Measurement of observables, O. Halpern, M. H. Johnson 
—683(A), 896 

Relativistic thermodynamics, P. G. Bergmann—928(A) 

Total mass of particle, C. Lanczos—708 

Resonance radiation 

Quenching and depolarization, L. O. Olsen—914(A) 


Scattering of electrons, neutrons, and ions (see also Elec- 
tron diffraction) 

a-particles in He, J. A. Wheeler—16; H. Margenau 
—37 

Calculation of cross sections, E. J. Hellund—395 

Capture cross sections of neutrons, J. W. Coltman— 
917(A) 

Electron-electron cross section, P. E. 
Pardue—933(A) 

Energy loss of heavy ions, J. Knipp, E. Teller—659 

Energy-range relations, F. T. Rogers, Jr.—945(A) 

Of fast electrons by heavy elements, J. H. Bartlett, Jr., 
T. A. Welton—281 

High energy neutrons by deuterons, J. Rothstein, L. 
Motz—916(A) 

Inelastic scattering of protons, R. H. Dicke, J. Marshall 
—917(A) 

Interpretation of neutron scattering, S. Frankel—216(A) 

Of low velocity ions, J. A. Eldridge—473(A) 

Of mesons, H. J. Bhabha—100; R. E. Marshak, V. F. 
Weisskopf—130, 471(A) 

Of mesotrons in W, F. L. Code—229 

Neutron-proton interaction, W. Rarita, J. Schwinger— 
436, 556 

Neutrons by B, E. A. Luebke, J. H. Manley, L. J. 
Haworth—918(A) 

Of neutrons by various elements, W. E. Good, G. Scharff- 
Goldhaber—917(A) 

Pair theory of nuclear forces, J. W. Weinberg—776 

Phase shifts in: scattering of protons, H. M. Thaxton, 
S. H. Miles—945(A) 

Proton-proton scattering, R. R. Wilson, E. C. Creutz— 
916(A) 

Proton recoils from neutrons, H. Tatel—916(A) 

Of H' in He, G. L. Ragan, W. R. Kanne, R. F. Taschek 


Shearin, T. E. 


—687(A) 

Radiative collisions, neutrons on protons, T. Muto— 
837(L) 

Range-velocity relation, J. H. M. Brunings, J. K. 
Knipp—919(A) 


Of 2.5-Mev neutrons, H. H. Barschall, R. Ladenburg, 
C. C. Van Voorhis—917(A) 


Of CsHsF at 2750-2380A, H. Sponer, S. H. Wollman 
924(A) 

Infra-red of NH;, H. M. Foley, H. M. Randall—171 

Of methyl iodide, R. T. Lagemann—911(A) 

Of monobromobenzene, I. Walerstein—924(A) 

Principal series of K, H. R. Kratz, J. E. Mack—915(A) 

Ultraviolet absorption, W. M. Preston—914(A) 


Spectra, atomic (see also Atomic structure) 


Of Cd IV and In V, M. Green—218(A) 

Of Cs II, M. A. Wheatley, R. A. Sawyer—916(A) 

Of Co VII and Ni VIII, low terms, E. E. Anderson, J. 
E. Mack—106(A), 717 

Forbidden lines of Pb I, E. Gerjuoy—218(A) 

Of Au I and Au II, J. R. Platt, R. A. Sawyer—916(A) 

Isotope shift in B, J. P. Vinti—103(L) 

Of Hg II, S. Mrozowski—106(A) 

Of Ne IV, V and VI, ultraviolet, F. W. Paul, H. D. 
Polster—424 

Of rare gases, J. B. Green—915(A) 

Self-consistent field for Ge+* and Ge, W. Hartree, D. R. 
Hartree, M. F. Manning—306 

Self-consistent field for Ni, R. B. Gray, M. F. Manning 
—475(A) 

Self-consistent field for Si V and Si IV, M. F. Manning, 
W. Hartree, D. R. Hartree—683(A) 

Self-consistent field for Zn, Ga, Ga*, Gat**, As, As*, 
As**, Ast*+*+, W. Hartree, D. R. Hartree, M. F. 


Manning—299 
Term values in V II and Mn II, D. S. Bowman—386 


Spectra, general 


Infra-red solar spectrum, A. Adel—915(A) 
Radiofrequency spectra, intensities, H. C. Torrey—293; 
A. F. Stevenson—767(L) 


Spectra, molecular (see also Molecular structure and 


constants) 

Of C:Ho, A. H. Nielsen, D. Williams—911(A) 

Analysis of COz bands, S. Mrozowski—923(A) 

Analysis of CO.* band, F. Bueso-Sanllehi—923(A) 

Association of alcohol, H. S. Sack, J. Prigogine—924(A) 

Of CO, high rotational states, M. S. McCay—911(A) 

CS. bands in ultraviolet, L. N. Liebermann—106(A); 
N. Metropolis—106(A) 

Energy level patterns of triatomic molecules, R. S. 
Mulliken—873. 

Infra-red bands of cyclopropane, L. G. Smith—924(A) 

Infra-red emission of water vapor,W. M. Elsasser— 
218(A) 

Intensity measurements in He, N. Ginsburg, G. H. 
Dieke—632 

Nitrogen afterglow, M. H. Hebb, H. Sponer—925(A) 


Solid state (see Crystalline state) 

Sound (see Acoustics) 

Specific heat 
Of wire samples, B. Kurrelmeyer, W. H. Mais, E. H. 

Green—921(A) 

Spectra, absorption 
Of alkaline earth fluorides, C. A. Fowler, Jr.—645 
Analysis of SiO. bands, N. Metropolis—923(A) 
Broadening of D lines, Kenichi Watanabe—151 


Predissociation in CD and CH bands, L. Gerd, R. F. 
Schmid—528(L) 

Rydberg series of Nz, Y. Tanaka, T. Takamine—613(L) 

Rydberg series of O2, Y. Tanaka, T. Takamine—771(L) 

Silicon oxide bands, L. H. Woods—922(A) 

Species classification of triatomic molecules, R. S. 
Mulliken—923(A) 

Of water vapor, H. H. Nielsen—565 
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Spectroscopy, technique 
Energy measurements with thermoniles, N. C. Beese 
—922(A) 
Spectrograph for infra-red to 154, E. D. McAlister, G. 
L. Matheson, W. J. Sweeney—922(A) 
Surface tension 
At high pressures, L. B. Heilprin- 921(A) 


Thermal conductivity 
Of liquids, M. R. Rao—212(L) 
Temperature distributions in cylindrical systems, M. 
Avrami—691(A) 
Thermal diffusion 
Effect of van der Waals forces, R. C. Jones—688(A) 
Separation of O isotopes, S. B. Welles—920(A) 
Theory of, for isotopes, R. C. Jones—1019 
Thermal expansion 
Of pure Fe, Ni, Cu, Au and Al, F. C. Nix, D. MacNair 
—939(A) 
Thermionic emission of electrons; Emitting surfaces 
Cathode emission, electron microscope, G. W. Fox, 
F. M. Bailey—174 
Constants for single crystal tungsten, M. H. Nichols— 
944(A) 
Deviations from Schottky line, E. Guth, C. J. Mullin 
114(A), 575 
Energy losses attending emission, W. B. Nottingham, 
906(L), G. M. Fleming, J. E. Henderson, 907(L) 
Fluctuations in work function, A. T. Waterman—943(A) 
Interpretation of certain phenomena, C. Herring—889 
Work function and double layer, R. Smoluchowski— 
944(A) 
Work function and temperature of pure metals, S. Seely 
—75 
Thermodynamics 
Interpretation of thermionic and thermoelectric phe- 
nomena, C. Herring—889 
Relativistic thermodynamics, P. G. Bergmann—928(A) 


Virial coefficient 
Theory of metals, R. Landshoff—906(L) 


Wave mechanics (see Mechanics, quantum, etc.) 
Work function (see Thermionic emission; Photoelectric 
effect) 


X-rays, absorption 
Absorption coefficients in Pb, A. A. Petrauskas, F. E. 
Myers, L. C. Van Atta—688(A) 
K-absorption edges of ions in solution, W. W. Beeman, 


J. A. Bearden—933(A) 


Secondary structure, limits of gases, C. H. Shaw, J. A. 
Bearden—690(A) 

X-rays, diffraction, scattering, reflection, refraction, and 
polarization 

Analysis of patterns from liquids, N. S. Gingrich—290 

Diffraction by liquid O, P. C. Sharrah, N. S. Gingrich 

472(A) 

Diffraction maxima not at Bragg angles, W. H. Zachari- 
asen—207; P. Kirkpatrick—452; G. E. M. Jauncey— 
456; W. H. Zachariasen—766(L), 909(L); G. E. M. 
Jauncey, O. J. Baltzer—699; G. E. M. Jauncey, O. J. 
Baltzer, D. C. Miller—908(L) 

Diffuse scattering by cubic lattice, W. H. Zachariasen 
—860 

Diffuse scattering by KCI crystals, S. Siegel—371 

Diffuse scattering by rocksalt, R. Q. Gregg, N. S. 
Gingrich—619 

In random layer lattices, B. E. Warren, J. Biscoe 
688(A); B. E. Warren—693 

X-rays, emission 

Absence of M@ satellite, F. R. Hirsh, Jr.—766(L) 

Absolute determination of x-ray energy, J. C. Clark, 
H. R. Kelly—220(A) 

Auger effect and relative intensities, J. N. Cooper 
473(A) 

By deuteron bombardment, J. M. Cork—934(A), 957 

Effect of chemical combination, T. M. Snyder—689(A) 

Excited by 6-particles of ,,P", Chien-Shiung Wu—481 

Fluorescent K x-rays from ions, T. M. Snyder—168 

Geneses of primary x-rays, S. R. Cook—220(A) 

Intensity and hardness, variation with angle, L. C. Van 
Atta, F. E. Myers, A. A. Petrauskas—688(A) 

L-emission bands of Na, Mg and Al, W. M. Cady, D. H. 
Tomboulian—381, 472(A) 

Radiations from induction accelerator, D. W. Kerst 
933(A) 

Transitions within LZ shell, D. H. Tomboulian, W. M. 
Cady—422 

Valence band—L transitions, J. A. Bearden, T. M. 
Snyder—162 

X-rays, tubes, apparatus 

Intensity of x-rays by electron multiplier tube, J. S. 

Allen—110(A) 


Zeeman effect 

Configuration interaction, J. B. Green—69; J. B. Green, 
D. W. Bowman, E. H. Hurlburt—106(A) 

Forbidden lines of Pb I, F. A. Jenkins, S. Mrozowski 
808, 915(A) 

In Kr and Xe, J. B. Green—915(A) 

Of Xe, J. B. Green, E. H. Hurlburt, D. W. Bowman 
72, 106(A) 
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